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a b s t r a c t
Lead (Pb) removal process from wastewater is an important issue to prevent health problems for 
people. For this particular purpose, a low-cost adsorbent may be beneficial for improving the 
adsorption capacity for the Pb removal process. The aims of this paper are four-fold. First of all, 
a D-optimal experimental design was selected to reduce experimental runs and its cost. Second, 
the effect of four adsorption design factors, stirring speed (rpm), adsorbent dosage (g), pH level, 
and initial metal concentration (ppm), was examined. Also, the yellow natural stone, which is 
from Bayburt, Turkey, was used as a cheap adsorbent for the Pb removal process from the solu-
tion. Third, a novel weighted mean-squared error optimization model was developed to obtain 
optimal adsorption levels for adsorption factors. Besides, a verification study was conducted to 
verify the results of the adsorption experiment. Finally, the lead (Pb(II)) removal capacity of the 
yellow Bayburt stone was obtained to be 46.031 mg/g, and the results of the experiment from the 
proposed methodology showed a good performance for the removal study.
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1. Introduction

Lead is toxic to people, plants, and animals, and it is 
known as a hazardous waste [1]. The presence of lead in 
water may cause some health problems leading to death 
for people. Therefore, it is crucial to enhance the adsorp-
tion capacity for a lead removal process to prevent health 
problems. In this paper, the effect of adsorption factors is 

investigated with a low-cost adsorbent for the Pb removal 
process from the solution.

A relevant literature review of lead removal studies 
was summarized as follows. First of all, Hamed et al. [2] 
studied electro-osmosis tests on saturated kaolinite spec-
imens loaded using Pb(II) to examine the effectiveness 
and energy demand for the heavy metal removal process. 
Then, Bereket et al. [3] examined the adsorption process on 
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bentonite for the removal process of Pb(II), Cd(II), Zn(II), 
and Cu(II) from aqueous solutions. Along the same lines, 
Reed et al. [4] investigated the removal process of As(III), 
As(V), Hg(II), and Pb(II) by virgin and Fe(III) impregnated 
activated carbons. Next, Naseem and Tahir [5] used ben-
tonite as an adsorbent for the removal of Pb(II) from aque-
ous and acidic solutions. Further, Taty-Costodes et al. [6] 
conducted batch experiments to study the main factors 
for the removal of Cd(II) and Pb(II) ions. Besides, Wong 
et al. [7] studied tartaric acid modified rice husk from 
aqueous solutions for the Cu and Pb removal processes. 
Then, Bulut and Baysal [1] observed the removal process 
of Pb(II) ions from aqueous solutions with wheat bran. 
Besides, Amarasinghe and Williams [8] studied to compare 
commonly used absorbents and tea waste in the removal 
process of Cu and Pb from aqueous wastewater. Then, Xu 
et al. [9] used oxidized multiwalled carbon nanotubes as 
a sorbent to investigate the sorption characteristic for the 
Pb(II) removal from aqueous solution. Further, Yetilmezsoy 
et al. [10] used a Box–Behnken experimental design with 
response surface methodology and a quadratic program-
ming method to maximize Pb(II) removal from aqueous 
solution by Pistacia vera L. Besides, Nassar [11] employed 
magnetic nano adsorbents for the Pb(II) removal while 
applying a batch-adsorption method. Next, Al-zboon et al. 
[12] studied to synthesize a highly amorphous geopoly-
mer from waste cool fly ash by using an adsorbent for a 
Pb removal process from wastewater. Along the same lines, 
Zhao et al. [13] used the prepared few-layered graphene 
oxide to adsorb Pb(II) from aqueous solutions. Further, 
Madadrang et al. [14] investigated an adsorption behavior 
of ethylenediamine tricrotic acid-graphene oxide for the 
Pb(II) removal process. Next, Kim et al. [15] showed that 
a zeolite- nanoscale zero-valent iron composite is a good 
alternative for the Pb removal process from wastewater. 

For recent lead removal studies in the literature, Liu 
et al. [16] evaluated the efficiencies of fly ash, fly ash-
based geopolymer, and faujasite block as sorbents for the 
Pb removal process from aqueous solutions. Besides, Ma 
et al. [17] studied porous lignin-based poly/organo-mont-
morillonite nanocomposites with salt tolerance and as an 
adsorbent for the Pb(II) removal process from wastewater. 
Further, Liu et al. [18] synthesized activated carbon-sup-
ported nanoscale zero-valent iron composite at ultralow 
iron content for the Pb(II) removal process. Finally, Lin 
et al. [19] synthesized iron nanoparticles adsorbent in 
one-step with green tea extract for the removal of both 
Pb(II) and rifampicin at the same time from wastewater.

In the literature, Vining and Myers [20] proposed a 
dual response model to find an optimal solution for design 
factors. However, this model may result in an infeasible 
solution due to a strict target assumption. Therefore, Cho 
[21], and Lin and Tu [22] separately proposed a relaxed tar-
get assumption with the mean-squared error (MSE) optimi-
zation approach. These MSE models have equal priorities 
for process bias and variance. Besides, the process bias is 
the difference between the process mean and target. Next, 
Cho et al. [23], and Köksoy and Doganaksoy [24] sepa-
rately proposed the weighted MSE (WMSE) models. It is 
also noted that Köksoy and Doganaksoy [24] used Pareto 
optimal solutions to generate alternative solutions. Along 

the same lines, Cho et al. [25] modified the MSE model 
while considering symmetric quality loss function. Besides, 
Ding et al. [26], and Shin et al. [27] proposed WMSE mod-
els with the weighted sum method in the multi-objective 
optimization concept. Then, Köksoy [28] and Park et al. 
[29] used forth-order parameters to optimize design factors 
with WMSE models. Further, Ozdemir and Cho [30] pro-
posed a mixed-integer nonlinear programming model with 
a Box–Behnken design while considering the process bias 
and variance at the same time. Finally, Ozdemir and Cho 
[31] developed a 0–1 mixed-integer nonlinear programming 
model by using a factorial design with pseudo-center points 
to simultaneously optimize the process bias and variance 
for both qualitative and quantitative design factors.

The contributions of this paper are four-fold. One, a 
D-optimal experimental design was selected over other 
experimental designs to reduce experimental runs and 
their cost. In addition, an exchange algorithm was used 
to construct D-optimal experimental design points. Also, 
the generated D-optimal experimental design provided 
model parameter estimation. Two, the effect of four design 
factors, including stirring speed (rpm), adsorbent dosage 
(g), pH level, and initial metal concentration (ppm) on lead 
adsorption was investigated. Besides, the yellow Bayburt 
stone (YBS), which is a natural stone in Bayburt, Turkey, 
was used as an adsorbent for the lead removal from aque-
ous solutions. It is also noted that this study is the first 
research attempt to use the YBS as an efficient, inexpen-
sive, and cheap adsorbent for the Pb(II) removal process. 
Three, a novel WMSE optimization model was proposed 
to obtain optimal adsorption levels for each adsorption 
factor. The results of the proposed optimization method 
showed good performance, and the optimization results 
are consistent with the experimental results. Finally, a ver-
ification study was conducted to validate the results of the 
 experiment.

The rest of this paper was organized as follows. First 
of all, the proposed methodology development is pre-
sented in Section 2. Then, the materials used were provided 
in Section 3. Next, the results of the experiment were pre-
sented in Section 4. The results were discussed in Section 5. 
Finally, concluding remarks were drawn in Section 6.

2. Proposed methodology

The five-phased proposed methodology is presented 
as follows: (1) the planning phase, (2) the experimental 
phase, (3) the modeling phase, (4) the optimization phase, 
and (5) the verification phase.

2.1. Planning phase

In the planning phase, design factors are determined 
to conduct an adsorption experimental design. Besides, the 
coded and uncoded units define each factor levels in the 
adsorption experimental design. In this paper, an experi-
mental design uses –1, 0, and +1 notation to denote the low 
level, the center level, and high level, respectively, for each 
design factor. The use of –1, 0, and +1 for the design fac-
tor setting is called the coded units. On the other hand, the 
actual values of each coded unit denote the uncoded units. 
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Indeed, the use of the coded units aids in the interpretation 
of the coefficients that fit a specified experimental model.

2.2. Experimental phase

An experimenter may want to reduce the number of 
experimental runs required by a traditional response sur-
face experimental design. For example, a Box–Behnken 
experimental design requires 27 experimental runs to fit 
a second-order model in four design factors. On the other 
hand, the second-order model has 15 terms. In order to 
reduce the number of experimental runs, the D-optimal 
experimental design is selected over other response surface 
experimental designs. Besides, the D-optimal experimen-
tal design uses the D-optimality criterion and focuses on 
model parameter estimation [32].

The D-optimality criterion is to maximize the determi-
nant of the moment matrix, M, and is defined as follows:

maximize det M   (1)

where M = |X’X|/N, X is a model matrix, X’ is a trans-
pose of the model matrix, and N is the number of 
experimental runs. Besides, the D-efficiency is calculated as 
|(X’X)–1|1/a number of parameters in the model/N.

In the literature, Eq. (1) can be solved with an exchange 
algorithm to generate D-optimal experimental design 
points [32]. In this paper, the exchange algorithm is used 
to construct design points for the adsorption experiment. 
The running time (seconds) of the algorithm was calcu-
lated by the JMP software. The change (%) was calculated 
differences between the D-efficiencies while considering 
the consecutive runs.

2.3. Modeling phase

In this paper, a full second-order model is used, includ-
ing first-order, interaction, and quadratic terms. The fitted 
second-order model for the process mean is as follows:
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where m̂(x) is the fitted response function of the mean, and 
a� i is the ith regression coefficient (i = 0, 1, 2, …, k). Besides, 
x is the vector of the design factors of the experiment. Also, 
vector a and matrix A represent the estimated regression 
coefficients of the process mean. At the same time, the fitted 

second-order model for the process standard deviation is 
denoted as follows:
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where σ̂(x) is the fitted response function of the stan-
dard deviation, and β̂i is the ith regression coefficient 
(i = 0, 1, 2, …, k). Besides, vector b and matrix B represent 
the estimated regression coefficients of the process stan-
dard deviation. Similarly, the fitted second-order model for 
the process variance is as follows:
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where σ̂2(x) is the fitted response function of the vari-
ance, and δ̂i is the ith regression coefficient (i = 0, 1, 2, 
…, k). Besides, vector c and matrix C represent the esti-
mated regression coefficients of the process variance. Please 
notice that σ̂(x) ≠ σ̂2(x) because of the different regression 
coefficients.

2.4. Optimization phase

A novel WMSE model is proposed to obtain opti-
mal conditions of adsorption factors for a lead removal 
process from the solution. The objective function of the 
proposed model is to minimize a WMSE function while 
assigning weights for each term in the function. The first 
term is related to the process bias, and the second term is 
related to the variability measure. Besides, the variability 
measure could be either the process standard deviation or 
the process variance. The selection of variability measures 
could affect an optimal solution of adsorption factors for the 
lead removal process. Besides, the variability measure with 
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the highest R2 (coefficient of determination) is selected for 
the optimization phase because the R2 is a statistical mea-
sure of how well the second-order regression prediction 
approximates the adsorption data. The model is subject to 
constraints. The first constraint is related to weights and 
the sum of weights is one. Besides, the second constraint is 
related to the non-negative process standard deviation or 
variance. Other constraints are the boundary constraints for 
design factors. The proposed optimization model is denoted 
as follows:
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where m̂(x) is the estimated process mean, μτ is the desired 
target value by the experiment, m̂(x) — mτ  is the process 
bias, σ̂(x) is the estimated process standard deviation, 
σ̂2(x) is the estimated process variance, xi is the ith design 
factor, LB is the lower bound for design factors, and UB 
is the upper bound for design factors. Besides, w1 and w2 
denote weights for each term in the objective function. 
It is also noted that MATLAB software with the fmin-
con command is used to solve the proposed optimization  
model in Eq. (5).

In this paper, the different number of cases is consid-
ered for the proposed optimization model while assigning 
different weights for each term. Therefore, many cases are 
analyzed to obtain optimal conditions of design factors. 
For example, minimizing the process bias may be more 
important than minimizing the process standard deviation. 
For these particular cases, the weight of the process bias is 
bigger than 0.5 to meet this specific process requirement. 
Thus, the decision-maker decides to assign weights for 
each term while considering the process requirements.

2.5. Verification phase

The verification phase consists of two parts. The first 
step is to compare the results from the proposed optimiza-
tion model and the results of the traditional dual response 
optimization model. It is expected that the proposed optimi-
zation model may improve the optimal conditions of design 
factors from the traditional counterpart. The traditional 
optimization model is denoted as follows:

minimize ( )
subject to 
                LB UB 
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The second step is to run an adsorption experiment 
using optimal conditions to verify the optimum results 
from the proposed optimization model.

3. Materials

In this study, the yellow Bayburt stone (YBS), located in 
Bayburt, Turkey, was used. After each sample was broken 
under 2 mm in a jaw crusher, it was ground to 250 microns 
in a ball mill with a stainless steel body and used in 
experiment runs. 

The chemical analysis of the YBS is given in Table 1. 
The YBS is a low amorphous stone and contains calcite, 
quartz, feldspar group minerals, clay group minerals, and 
pyroxene group minerals [33]. It is a scientific fact that 
these minerals are used as adsorbents. In this paper, the 
YBS, which contains all of these minerals, was used as an 
adsorbent.

The mass of metal ions adsorbed (MIA) is calculated as 
follows:

MIA =
−( )×
×

C C V
m
0

1 000,
 (7)

where the mass of MIA is metal ions/sample (mg/g). Also, 
C0 and C are the concentration (ppm) of metal ions before 
and after the incubation period, respectively. Besides, 
V and m are the aqueous step volume (mL) and the 
adsorbent amount (g), respectively.

4. Results of the experiment

The four adsorption factors were specified as stirring 
speed (rpm), adsorbent dosage (g), pH level, and initial 
metal concentration (ppm). The four adsorption factors and 
their levels are given in Table 2. Besides, the contact time 
was specified as 30 min for the experiment.

Table 3 compares experimental designs based on the 
necessary number of runs for four adsorption factors. As 
shown in Table 3, the D-optimal experimental design pro-
vides the fewest design points for the adsorption experiment. 
Besides, the D-optimality criterion works well to minimize 
the generalized variance of the parameter estimates for a full 
second-order model. Therefore, the D-optimal experimen-
tal design was selected for the adsorption experiment. The 
D-optimal experimental design is cost-effective in terms of 
the number of experimental runs. Besides, the D-optimal 
experimental design provides time efficiency comparing 
other response surface designs in Table 3.

Table 1
Chemical analysis of the YBS [33]

Oxides Percentage (%)

SiO2 70.32
Al2O3 11.01
Fe2O3 0.83
CaO 2.87
MgO 0.87
SO3 0.15
Na2O 1.36
K2O 1.79
Total alkali 2.54
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Table 4 shows the values of the D-efficiency (%), the 
running time (s), and the change (%) for each specified run. 
It was decided to run the 20-point D-optimal design due to 
the number of resources and time allowed for the adsorp-
tion experiment. As shown in Table 4, too many runs may 
slightly increase the D-efficiency value. Besides, the change 
is below 1.25% after the 20 runs. Therefore, the 20-point 
design points are sufficient to experiment.

In Table 5, the 20-point D-optimal design was repli-
cated two times for the experiment. Besides, yu1 is the result 
of the uth experimental run for the first replicate, and yu2 is 
the result of the uth experimental run for the second repli-
cate. Also, yu1 (mg/g) and yu2 (mg/g) were found using Eq. (7) 
for each run. Next, ȳu is the dependent variable (response) 
for the experiment, and it is the average of yu1 and yu2 for 
each run. Besides, su and s2

u are the standard deviation 
and variance of yu1 and yu2, respectively.

Figs. 1 and 2 show the prediction variance profile and 
the fraction of the design space plot, respectively. It is also 
noted that Figs. 1 and 2 are drawn using the JMP soft-
ware. The prediction variance profile in Fig. 1 is helpful 
to figure out where in the experimental design space the 
predictions have more or less variability. Besides, a low 
prediction variance is desired. The value of the predic-
tion variance is 0.791 when stirring speed = 750 rpm, the 
adsorbent dosage = 0.75 g, pH = 4, and initial metal con-
centration = 200 ppm. On the other hand, several factor 
settings may have the same relative variance. The fraction 
of the design space plot shows the proportion of the exper-
imental design space over which the relative prediction 
variance lies below a specified value. Fig. 2 shows that 
the minimum relative prediction variance is less than 0.3, 

while the maximum is below 2.5. The red dotted crosshairs 
denote that the relative prediction variance is less than 
0.62 over about 50% of the design space.

The fitted complete second-order models for the pro-
cess mean, standard deviation, and variance is denoted 
using Eqs. (2)–(4) as follows:
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The estimated process standard deviation is selected as 
a variability measure for the optimization phase because 
the R2 value of the estimated process standard deviation 
is higher than the R2 value of the estimated process vari-
ance. MATLAB software with the fmincon command was 
used to obtain optimal conditions for the adsorption exper-
iment. Besides, the initial points are specified as [–1 –1 –1 
–1]. The results of the proposed WMSE optimization model 
in Eq. (11) are denoted in Table 6 with the estimated pro-
cess standard deviation for the adsorption experiment. 
The desired target value is specified as 45 mg/g based on 
the process requirement specified by the experimenter. It 
is also noted that the different target values could affect 
the results of the proposed WMSE optimization model. 

Table 3
Comparison of the designs for the experiment based on the 
necessary number of runs

Necessary number 
of runs

Experimental design

27 Box–Behnken design
26 Traditional central composite design (CCD)
30 CCD – orthogonal blocks
31 CCD – uniform precision
36 CCD – orthogonal
15 or more D-optimal experimental design

Table 4
D-efficiency values for the specified runs

Run D-efficiency (%) Running time (s) Change (%)

15 42.50 150.169 –
16 43.39 139.303 2.09
17 44.52 135.896 2.60
18 45.49 149.884 2.18
19 46.16 133.535 1.47
20 46.56 138.080 0.87
21 46.80 135.636 0.52
22 47.05 141.217 0.53
23 47.09 134.102 0.09
24 47.24 130.555 0.32
25 47.75 135.831 1.08

Table 2
Four adsorption factors and their levels

Adsorption factor Levels

–1 (Low) 0 (Center) 1 (High)

x1: stirring speed (rpm) 500 750 1,000
x2: adsorbent dosage (g) 0.50 0.75 1.00
x3: pH level 2 4 6
x4:  initial metal 

concentration (ppm)
100 200 300
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In Table 6, the first case is not a desired solution for the 
adsorption experiment because the process bias is very 
high. The reason is that the model minimizes the esti-
mated process standard deviation without considering 
the process bias when w1 = 0. The proposed optimization 
model in Eq. (5) minimizes the process bias and standard 
deviation at the same time. In Table 6, the 11 different 
numbers of cases are considered for the proposed optimi-
zation model while assigning different weights for each 
term. Particularly, the fifth case provides the smallest 
process standard deviation while not to consider the first 
case. Besides, the process bias is very little for the fifth 
case. Also, the fifth case was assigned more weight for the 
process standard deviation. This assumption is consistent 
in the context of the quality engineering problems, and 
the process standard deviation reduction is an important 
issue to reduce the variability of the experiment.

minimize w
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For the comparison study, the optimum results of the 
proposed WMSE optimization model and the optimum 
results of the traditional dual response surface model pro-
posed by Vining and Myers [20] are compared. The results of 
the Vining and Myers [20] model are x1 = 1.0000, x2 = –0.1783, 
x3 = 0.9968, and x4 = 0.9997. Besides, the estimated standard 
deviation of the Vining and Myers [20] model is 0.0664, and 

the process bias is 0. The results of the Vining and Myers [20] 
model are similar to the 11th case of the proposed model. 
However, the fifth case of the proposed model is superior 
to the Vining and Myers [20] model because the fifth case 
can reduce more the estimated standard deviation value 
than the Vining and Myers [20] model.

For the verification study, an experiment was conducted 
using the optimal results of the fifth case of the pro-
posed optimization model. The results of coded adsorp-
tion factors are x1 = 1.0000, x2 = –0.2294, x3 = 0.3381, and 
x4 = 0.9964. For uncoded levels, stirring speed is 1,000 rpm, 
the adsorbent dosage is 0.69 g, pH is 4.7, and the initial 
metal concentration is 299.64 ppm. The mean value of the 
actual experiment is 46.031 mg/g. Both the optimization 
and actual results are consistent in terms of the process  
mean.

Some studies on natural inorganic adsorbents are pre-
sented in Table 7. The YBS shows good performance as a 
low-cost adsorbent based on the comparison studies.

5. Discussions

Each design factor was analyzed and the following 
observations were made. First of all, the stirring speed 

Fig. 1. Prediction variance profile.

Fig. 2. Fraction of the design space plot.
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factor is not a significant factor based on the second-or-
der model because the p-value is 0.760. Besides, each level 
affects ±0.070 mg/g for the removal process. Each case of 
the proposed optimization models resulted in +1.0000, 
and it means that the stirring speed is 1,000 rpm. Second, 
the adsorbent dosage is a significant factor based on the 
second-order model because the p-value is 0.000. Also, 
each level of the adsorbent dosage affects ±9.798 mg/g for 
the Pb(II) removal process. The center level of the adsor-
bent dosage approximately provided the optimum results 

for the removal process. It is also concluded that the YBS 
is an effective adsorbent to the Pb(II) removal process. 
Third, the pH level is not a significant factor based on the 
second-order model because the p-value is 0.191. Besides, 
each level of the pH level affects ±0.327 mg/g for the 
removal process. The optimum results of the pH level were 
usually obtained at high levels. Finally, the initial metal 
concentration is a significant factor based on the second-or-
der model because the p-value is 0.000. Besides, it is the 
most important factor for the removal process. Each level of 

Table 5
20-point D-optimal design replicated two times and collected data

Run Adsorption factors Collected data

ȳu su s2
ux1 x2 x3 x4 yu1 yu2

1 1.00 –1.00 1.00 1.00 59.908 59.938 59.923 0.021 0.0004
2 –1.00 1.00 1.00 –1.00 9.977 9.947 9.962 0.021 0.0004
3 –1.00 1.00 –1.00 –1.00 9.706 9.647 9.677 0.042 0.0018
4 –1.00 –1.00 –1.00 –1.00 19.362 19.328 19.345 0.024 0.0006
5 1.00 1.00 –1.00 –1.00 9.679 9.639 9.659 0.028 0.0008
6 –1.00 –1.00 –1.00 1.00 59.320 59.266 59.293 0.038 0.0014
7 1.00 –1.00 0.00 –1.00 19.640 19.510 19.575 0.092 0.0085
8 1.00 –1.00 –1.00 0.00 39.254 39.350 39.302 0.068 0.0046
9 –1.00 1.00 1.00 1.00 29.671 29.990 29.831 0.226 0.0511
10 –1.00 0.00 0.00 0.00 26.217 26.385 26.301 0.119 0.0142
11 1.00 1.00 1.00 0.00 19.952 19.990 19.971 0.027 0.0007
12 0.00 –1.00 1.00 0.00 39.340 39.970 39.655 0.445 0.1980
13 –1.00 –1.00 1.00 1.00 58.832 59.996 59.414 0.823 0.6773
14 0.00 0.00 –1.00 –1.00 12.829 12.796 12.813 0.023 0.0005
15 1.00 0.00 –1.00 1.00 39.531 39.208 39.370 0.228 0.0520
16 1.00 1.00 0.00 1.00 29.761 29.764 29.763 0.002 0.0000
17 1.00 –1.00 1.00 –1.00 19.910 19.980 19.945 0.049 0.0024
18 –1.00 1.00 –1.00 1.00 29.663 29.679 29.671 0.011 0.0001
19 0.00 1.00 0.00 –1.00 9.808 9.688 9.748 0.085 0.0072
20 1.00 0.00 1.00 –1.00 13.289 13.332 13.311 0.030 0.0009

Table 6
Results of the proposed WMSE model with the estimated process standard deviation

Case w1 w2 x1* x2* x3* x4* Objective 
function

m̂(x) σ̂(x) ˆ( )µ µτx −

1 0.0 1.0 1.0 0.9081 –0.1404 –1.0000 6.1164E-07 10.0135 0.0008 34.9865
2 0.1 0.9 1.0 –0.2441 0.1838 0.9918 0.0019 45.0043 0.0599 0.0043
3 0.2 0.8 1.0 –0.2662 –0.3502 0.9998 0.0026 45.0020 0.0750 0.0020
4 0.3 0.7 1.0 –0.2484 –0.0064 0.9987 0.0016 44.9999 0.0628 0.0001
5 0.4 0.6 1.0 –0.2294 0.3381 0.9964 0.0012 44.9993 0.0580 0.0007
6 0.5 0.5 1.0 –0.2113 0.6528 0.9927 0.0013 44.9961 0.0599 0.0039
7 0.6 0.4 1.0 –0.1974 0.8138 0.9948 0.0012 44.9980 0.0624 0.0020
8 0.7 0.3 1.0 –0.1851 0.9273 0.9984 0.0010 44.9995 0.0646 0.0005
9 0.8 0.2 1.0 –0.1779 0.9973 1.0000 7.3771E-04 44.9991 0.0664 0.0009
10 0.9 0.1 1.0 –0.1783 0.9962 0.9998 3.7069E-04 45.0008 0.0664 0.0008
11 1.0 0.0 1.0 –0.1784 0.9968 0.9997 2.0154E-06 45.0016 0.0664 0.0016
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the initial metal concentration affects ±14.777 mg/g for the 
Pb(II) removal process. For most cases in Table 6, the opti-
mum results of the initial metal concentration were found 
at high levels.

The quadratic effects of adsorption factors were ana-
lyzed and the observations are made. The quadratic effect 
of the adsorbent dosage is a significant factor for the exper-
iment. Each quadratic level of the adsorbent dosage affects 
±2.763 mg/g for the removal process. On the other hand, other 
quadratic effects in the second-order model are not significant.

The interaction effects of adsorption factors were exam-
ined. The interaction effect of the adsorbent dosage and 
the initial metal concentration is significant in terms of the 
second-order model. Besides, each interaction level of the 
adsorbent dosage and the initial metal concentration affects 
±5.047 mg/g for the removal process. On the contrary, other 
interaction effects in the second-order model are not signif-
icant. Therefore, the adsorbent dosage and the initial metal 
concentration are important to achieve more adsorption 
capacity for the removal process from the solution.

6. Concluding remarks

In this paper, a novel WMSE optimization model is pro-
posed to obtain optimal conditions of adsorption factors 
for a lead removal process. Four adsorption factors, such 
as stirring speed (rpm), adsorbent dosage (g), pH level, and 
initial metal concentration (ppm), were investigated for the 
removal process from the solution. The five-phased method-
ology was demonstrated to find optimal conditions of adsorp-
tion factors. A D-optimal experimental design was selected 
to conduct the adsorption experiment. A full second-order 
model was used to analyze main, quadratic, and interaction 
effects for the adsorption experiment. A proposed WMSE 
optimization model is effective to obtain optimal conditions 
of adsorption factors while assigning different weights for 
each term in the objective function. The model validation and 
the verification study were also conducted. The optimum 
conditions are that stirring speed is 1,000 rpm, the adsorbent 
dosage is 0.69 g, pH is 4.7, and the initial metal concentra-
tion is 299.64 ppm. The mean values for the proposed model 
and the actual experiment are 44.9993 and 46.031 mg/g, 
respectively. It is also concluded that the adsorbent dosage 
and the initial metal concentration are significant adsorp-
tion factors to reach more adsorption capacity for the Pb(II) 
removal process from the solution. Besides, the yellow 

Bayburt stone is an effective and low-cost adsorbent for  
the adsorption experiment.
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