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a b s t r a c t
In order to ensure the safety of windsurfing and study the steady-state of sheltered water area, 
a method to study the berthing force of windsurfing under the accompanying wave action of 
wave group was put forward. The accompanying wave action of the wave group was analyzed. 
Then, the smooth particle hydrodynamics method was used to build a mathematical model for 
simulating the interaction between the non-linear wave and the combination structure of sailboard. 
The relationship between the accompanying wave action of the wave group and the berthing force 
of windsurfing was verified by the mathematical model. Meanwhile, the forming condition of 
the berthing force of windsurfing was simulated in the water flume of the laboratory. Finally, the 
berthing force of windsurfing was studied. Simulation results show that when the angle between 
the sail and the horizontal plane is about 130°, the proposed method has strong adaptability and 
effectiveness, so it can effectively ensure the safety of windsurfing.
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1. Introduction

Wave is a very common natural phenomenon in a huge 
water area [1,2]. The ripples and small waves on rivers 
and lakes and the huge waves and tsunamis on sea surface 
belong to the category of waves. The wave will influence the 
navigation of ships and damaged buildings along the sea, 
rivers and lakes. The damage mainly includes two forms: 
one is a long-term effect. For example, the scouring intensity 
of the wave is not large in a short time, but the long-term 
effect eventually leads to the damage of embankment, espe-
cially the damage to the soil or the loose embankment. The 
other is the sudden effect. For example, the short-term huge 
waves, the low-frequency tsunami will wash the embank-
ment in a short time. It is often more serious than in the first 
situation.

In the field of engineering, the damage of wave to 
embankment structure has always been a hot topic [3]. 

The structure of the sloping bank is the most traditional 
and most extensive form in the shoreline structure, which 
can be used in breakwater, wharf, coastal protection, slope 
protection, earth dam of reservoir, wave resistance project. 
In port design and embankment engineering, the study of 
berthing force is always an important link. As one of the 
main loads of environmental dynamics, the wave also 
plays an important role in windsurfing. Some scholars have 
studied the berthing force of sailboard under the action of 
random waves. For example, Huang et al. [4] proposed the 
empirical formula of the wave envelope spectrum based 
on the measured data and established the numerical and 
physical simulation methods of the wave group. After the 
dimensionless, Ding et al. [5] got the empirical formula 
of wave envelope spectrum which was more suitable for 
wind and waves and put forward reasonable principle to 
select parameter value. Wu et al. [9] carried out the numer-
ical simulation of multi-directional irregular wave group 
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propagation based on the numerical simulation of one-way 
wave group and wave train and analyzed the propagation 
process of multi-directional irregular wave group.

Although some significant results have been achieved 
by the above methods, they hadn’t considered terrible sea 
conditions and ignored a stable state. Therefore, the research 
on the berthing force of windsurfing under the accompany-
ing wave action of wave group was designed and proposed. 
Through the simulation experimental data, the comprehen-
sive effectiveness of the proposed method is fully verified.

2. Methods

2.1. Analysis of accompanying wave action of the wave group

From the mid-19th century to the early 20th century, 
many scientists put forward some wave theories to describe 
the sea wave. These theories can be divided into two fields. 
The first field is to study the motion of a single particle in 
the liquid from the perspective of hydrodynamics, includ-
ing linear wave theory and non-linear wave theory. Linear 
wave theory mainly refers to the micro amplitude wave 
theory (Airy wave theory). According to different charac-
teristics of a wave, non-linear wave theory includes lim-
ited amplitude wave theory (Stokes wave theory), Solitary 
wave theory and Conidial wave theory. In the other field, 
the wave is regarded as a random process. Its randomness 
is studied to reveal the distribution characteristic of wave 
energy in the wave and describe the motion state of a par-
ticle in a statistical sense. The motion form of the sailboard 
is shown in Fig. 1.

For the joint action of wave and current, the current 
method is the regular linear wave. Generally, the move-
ment laws of water particles under the separate action of 
wave and current are superposed to get the total law of 
joint action of wave and current. For regular non-linear 
wave or irregular wave (random wave), this kind of super-
position often brings big error. The more effective method is 
a regular non-linear wave. It is described by the high-order 
wave theory based on stream function or calculated by the 
direct numerical analysis of non-linear waves. The irregu-
lar wave is described by the statistical analysis of random 
process and wave spectrum.

All kinds of regular wave theories must be based on a basic 
assumption that wave elements (wave height, wavelength 
and wave period) are fixed in the process of wave propa-
gation. The wave theory [4–6] digressed from this assump-
tion is called irregular wave theory. Regular wave theory 
includes linear wave theory and non-linear wave theory.

Before introducing the linear wave theory, it is neces-
sary to introduce several important wave parameters first. 
H denotes the elevation (the vertical distance from wave 
crest to wave trough). L denotes the wavelength. d denotes 
the water depth. H/d denotes the relative wave height. d/L 
denotes the relative water depth. UR denotes the relative 
wavelength. L/d denotes Urse11 number. Based on linear 
wave theory and micro amplitude wave theory (Airy wave 
theory), the velocity potential function φ(x,z,t) of fluid is used 
to research the wave motion. The theoretical assumption is 
that the velocity of the water particle of the wave is slow, 
and its fluctuation range is very small. The bottom of the 

water body is a horizontal impermeable level. The basic 
equation is:

p gz u v
tρ
φ

+ + +( ) + ∂ =
1
2

02 2  (1)

In the formula, p represents the pressure at differ-
ent points in the fluid; u denotes the horizontal veloc-
ity of water particles at each point in the flow field and 
v denotes vertical velocity [7,8]. According to the definition 
of velocity potential, we can find that:

u
x

=
∂φ  (2)

v
z

=
∂
φ  (3)

The boundary conditions of the potential flow field are 
shown as follows:

• On the bottom of the sea z = –d, v
z

=
∂

=
φ 0;

• At the water surface z = η0, there are two boundary 
conditions.

The dynamic boundary conditions of free water 
surface are:
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The motion boundary conditions of free water surface 
are:
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According to the setting of “slow-wave speed and small 

wave amplitude”, the non-linear 
1
2  (u2 + v2) and 

η φ0

∂
⋅
∂

x x
 

in Eqs. (3) and (4) can be ignored. The dynamic condi-
tion and motion boundary condition can be transformed 
into linear problems [9]. After solving the basic equation,  
we can get:

Fig. 1. Windsurfing.
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• Potential function in finite water depth:

φ
ω
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sin  (6)

In Eq. (6), ω represents the circular frequency of the 
wave, and k represents the wavenumber.

k
L

=
2π  (7)

• Potential function in infinite water depth [10,11]:

U gH e kx tR
kz= −( )

2ω
ωsin  (8)

Compared with the linear wave theory, the non-linear 
wave theory has similar basic equations and three bound-
ary conditions about potential function φ(x,y,z). However, 
the non-linear wave theory extends the non-linear term in 
boundary condition by higher-order non-linear term or 
series and then performs a numerical analysis on the solu-
tion of basic equation [12]. Finally, the motion equation 
of a water particle that can meet the more complex wave 
can be obtained.

When UR increases gradually, the non-linear second- 
order term in UR will gradually occupy a large proportion. 
Even if the relative wave height H/d is small, the linear 
wave theory is no longer applicable. It is necessary to 
consider the use of non-linear wave theory.

When UR < 10 and the relative depth d/L of water is 
within the limited depth, Stoke’s high-order wave theory 
can be adopted. this theory is generally suitable for the 
case of deep water and large wave steepness. When the 
relative wave height H/d is close to and less than 1, the 
relative depth is within shallow water, that is d/L < 1/8~1/10, 
Stoke’s theory is no longer applicable. The theory of conoi-
dal waves can be adopted [13]. When the water depth con-
tinues to decrease or the relative wavelength continues to 

increase to L
d
→∞, the theory of conoidal wave approaches 

to the theory of solitary wave.
The theory of regular wave is based on the randomness 

of large-scale wave motion on the sea. The wave elements 
change with different water particles and a different time, 
without any repeatability.

Because the wave is formed by wind, and the wind 
field near the sea surface is complex. The wind speed and 
wind direction are changeable. The wave surface also has 
a reacting force to the wind field. In addition, the inter-
nal turbulence of wave and wave surface-breaking make 
the sea wave become a highly irregular and non-repetitive 
physical phenomenon. In fact, it is an irregular wave (ran-
dom wave). The combination of wave spectrum analysis in 
random process and statistical analysis of the data system 
is an important way to study random waves.

In actual engineering, the study of waves by irregu-
lar wave (or random wave) [14,15] can correctly describe 
the sea wave and design the sailboard more safely and 
reasonably.

When waves move from deep water area to shallow 
water area, the change of water depth will cause the change 
of wave elements. For regular linear waves, we mainly 
study the change of wave elements through “wave energy 
flow”.

Wave energy flow refers to the average value of wave 
power in a wave period. It is equal to the average value in 
a wave period of the sum of the force exerted by the wave 
with the length of single-width peak line on the point on a 
vertical plane parallel to wave peak line and the velocity 
product of water particles of a wave passing through the 
corresponding point on the vertical plane [16]. Based on 
the linear micro amplitude wave theory and limited water 
depth, the wave energy flow can be calculated by Eq. (9) 
without considering the influence of free wave surface on 
the boundary of potential flow field:
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In Eq. (9), FLUX denotes the wave energy flow. k denotes 
the wavenumber. EW denotes the wave energy. n denotes 
the transmission rate of wave energy, which mainly refers 
to the ratio of the energy transmitted by fluctuation to 
total energy stored in a wave, then:
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Based on the motion equation of water particle after 
regular wave breaking on the slope, the distribution of 
wave velocity and wave pressure in the process of motion 
of sailboard is derived semi-theoretically and semi-empir-
ically [17,18]. It is assumed that the slope is uniform and 
smooth, and the wave is incident vertically and positively. 
The horizontal lateral force formed by the breaking wave on 
the slope can be ignored.

The critical water depth of the wave on the slope is d0. 
The elevation of wave crest A higher than the static water 
level is H0. After the wave is crushed, the water particle 
of the wave crest lashes the slope in the form of jet-flow 
according to the parabola. The maximum wave pressure 
and the maximum velocity are generated at the intersection 
B of a jet-flow and steep slope.

In order to describe the motion of the sailboard, two 
coordinate systems are established [19]: fixed coordinate 
system O–xyz and dynamic coordinate system O’–x’y’z’. 
The original points of coordinate systems are located at the 
center of gravity of the sailboard. The two coordinate sys-
tems coincide in the initial state. The linear displacement 
of the sailboard is the movement with the sailboard coordi-
nate system O’–x’y’z’ relative to the fixed coordinate system 
O–xyz. It is defined as:

∆ = ∆ ∆ ∆( )X Y Z, ,  (11)

The angle displacement of the sailboard is the rotation 
angle of the axis xyz of coordinate [20,21]. It is set as:
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θ θ θ θ= ( )x y z, ,  (12)

The coordinates of point B is:

Y
X
mB
B=
′

 (13)

The temporal course of the first-order wave force is 
obtained by convoluting the impulse response function 
of wave force in the time domain with the wave surface.
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where Hi(ω) represents the first-order wave excitation 
force of the object under the action of the regular wave 
with unit amplitude. hi(ω) represents the first-order pulse 
response function in the time domain. Fi(t) represents the 
wave force in the first-order time domain. η1 represents 
the wave surface of the wave group. The second-order 
wave force is an important external environmental force 
for the ship to do low-frequency motion. It can be divided 
into differential frequency force and sum-frequency 
force. The differential frequency force will cause the 
low-frequency slow drift motion of the ship. The far-field 
method is used to calculate the average drift force in reg-
ular waves, and the average drift force is used to approx-
imate the difference frequency force to meet the engineer-
ing. The Newman assumption is adopted to process the 
second-order wave force with low frequency.
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2.2. Study on berthing force of windsurfing under 
the accompanying wave action of the wave group

The smooth particle hydrodynamics (SPH) method is a 
numerical discretization method [22,23], which discretizes 
arbitrary functions and their spatial derivatives into a series 
of interactions between particles with independent mass 
and volume through integral approximation and particle 
approximation. The integral approximation is the expres-
sion of the “smooth” concept in SPH. The particle approx-
imation is the expression of the “particle” concept in SPH.

• Integral approximation:
The field function at the target point in space can be 

written as the following integral form:

f x f f x x x dx0 0( ) = ( ) −( )Ω δ  (17)

In Eq. (17), x0 is the position of the target point. Ω is 
the principal domain of the integral domain. δ is the Dirac 
δ function.

In the SPH method, the kernel function is introduced 
to approximate the substitution function, and the approxi-
mate integral form of the field function is obtained.

In the SPH method, the kernel function W(x0,–x,h) is 
introduced to approximate substitute for δ function, and 
then the approximate integral form of field function is 
obtained.

f x f f x W x x h dx0 0( ) = ( ) −( )Ω , ,  (18)

In the formula, h denotes the smoothing length, which 
is related to the physical problem. In the numerical cal-
culation, the smoothing length is 1.5 times more than the 
initial particle spacing of the model.

According to Eq. (17), the integral approximate expres-
sion of the spatial derivative of the field function can be 
obtained [24].

∇ ⋅ ( ) = ∇ ⋅ ( )  −( )f x f f x W x x h dx0 0Ω , ,  (19)

After Gaussian transformation and arranging the 
Eq. (19), we can get:

∇ ⋅ ( ) = − ( ) ⋅∇ −( )f x f f x W x x h dx0 0Ω , ,  (20)

In the numerical calculation, the quintic kernel function is 
adopted, and its mathematical formula is written as follows:
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• Particle approximation:

The target particle i is located at the center of the inte-
gral domain, and a series of particles j with independent 
mass and volume are distributed around it. The radius of 
the support region of particle i is κh. Only the interaction 
between the particle i and the particle j whose linear dis-
tance is less than κh needs to be considered. In this way, the 
integral approximate expression in Eq. (18) of field function 
can be discretized into:

f x
f f x W x x h
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Because mj = ΔVjρj, the Eq. (22) can also be written:
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In the formula:
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In Eq. (24), rij represents the distance between particle 
i and particle j.

The motion of a viscous fluid can be described by 
the continuity equation and the NS equation. In the 
Lagrangian system it can be written in the following form:

d
dt

vρ
ρ= − ∇ ⋅  (25)

dv
dt

p v v g= − ∇ + ∇ +
1 2

ρ
 (26)

In the formula,

∇ =
∂
∂

∂
∂

∂
∂









x y z

, ,  (27)

The motion position of the fluid is calculated by Eq. (27):

dv
dt

v=  (28)

When the SPH method is used to discretize the fluid 
continuity Eq. (24), the continuity equation is rewritten as 
follows:

d
dt

v vρ
ρ ρ= −∇ ⋅ ( ) + ⋅∇  (29)

The above analysis shows that the density of fluid 
particles is determined by the relative velocity and rela-
tive position between particles. Due to the randomness 
of particle distribution and the limited number of target 
particles in the support domain, it is impossible to com-
pensate for the randomness of position distribution by 
increasing the number of particles, so the impact of other 
particles in the support domain on the target particles is 
also random, resulting in the weak fluctuation of particle 
density. Smoothing the density of particles in the calculation 
domain can effectively alleviate the non-physical oscillation 
of the density field [25]. Therefore, the zero-order Shepard 
density filtering method is adopted. The specific method 
is that the density of fluid particles modified as follows:

ρi j
j

N

ijm W=
=
∑

1
 (30)

In Eq. (30), Wij represents the modified kernel function, 
and the specific calculation can be expressed as follows:
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When the SPH method is used to discretize the momen-
tum Eq. (25), the viscosity of a fluid is not considered 
at first. The momentum equation is rewritten as follows:

dv
dt

p p g= −∇








 − ∇ +

ρ ρ
ρ2  (32)

The traditional kinetics boundary particle method 
in the SPH model is improved. The stability of the fluid 
pressure field near the solid wall boundary is enhanced 
without sacrificing the convenience of the kinetics bound-
ary particle method so that the calculation accuracy of 
fluid force on the solid wall boundary is improved [26]. 
The density on the boundary and the average density of 
fluid particles are calculated by the continuity equation. 
The specific mathematical expression is shown as follows.

ρ χρ χ ρi
t

i j= + −( )1  (33)

When calculating the average density of the fluid 
particles, the influence of the gradient of the fluid density 
field should be eliminated at first.

ρ ρ ρj j j ij
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The following forms can be obtained through the state 
equation.
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Generally, the radius of the support region of parti-
cles in the SPH model is within 2–3 times particle spacing. 
The kernel function Wij decreases rapidly with the increase 
of particle spacing, and the fluid particles closest to DBPs 
in correlative formulas can play a role in density smooth-
ness, so the density averaging effect of kernel function is not 
as good as the direct averaging density of fluid-particle [27].

Based on the above analysis, the relationship between 
the berthing force and accompanying wave action of the 
wave group can be analyzed by the mathematical model.

3. Simulation experiment

In order to verify the comprehensive effectiveness of 
the proposed method, a simulation experiment was carried 
out. The physical model test of the interaction between the 
windsurfing and wave under different accompanying wave 
action of wave group was carried out in the wave flume of 
the laboratory.

The windsurfing is obtained by image measurement and 
data processing technology. The physical model tests the 
motion response of a sailboard under the action of waves. 
The specific experimental results are shown as follows:

• Firstly, the test of free damping roll motion of sailboard 
was carried out. On the premise of keeping the center 
of mass of the sailboard unchanged, a vertical down-
ward load was applied to the corner of the sailboard 
to tilt the sailboard [28]. The angle between the sail-
board and the horizontal plane was about 130°. When 
the experiment began, the load was released instantly. 
The sailboard freely damps and rolls around the center 
of mass. During the rolling motion, the movement of 
the center of mass of the sailboard is relatively small, 
so it can be ignored [29–31].
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The experiment of the interaction between waves and 
windsurfing was carried out. In this experiment, multiple 
groups of different wave conditions and wave elements 
were selected. The specific results are shown in Table 1.

Based on the above wave elements, the duration 
curve of windsurfing angle is given and the amplitude of 
the rolling motion is obtained by fast Fourier transform 
(Figs. 2 and 3).

According to the comprehensive analysis for the exper-
imental data in Figs. 2 and 3, the sailboard rotates clock-
wise and anticlockwise around the horizontal position, 
and the amplitude of rolling angle decreases exponentially 
with time.

• In order to further prove the effectiveness of the pro-
posed method, the curve of berthing force of windsurfing 
under the accompanying wave action of the wave group 
is given. The specific changes are shown in Fig. 3.

After analyzing the experimental data in Fig. 3, we 
can see that the ever-changing wave action leads to the 
ever-changing berthing force of windsurfing. The sway-
ing motion of windsurfing consists of the simple harmonic 
oscillation around the balance position and the time-average 

drift along the wave propagation direction. The drift motion 
is generated by the second-order average drifting force. 
The heave motion and rolling motion of the sailboard show 
the form of simple harmonic oscillation basically, but the 
average dip angle of the roll motion is greater than zero.

• Running time/min.

In order to further prove the effectiveness of the pro-
posed method, two traditional methods were selected as the 
comparison for simulation. The three methods need to be 
compared in running time. The specific experimental results 
are shown in Table 2.

Based on the above experimental results, we can see that 
the running time of the proposed method is significantly 
lower than traditional methods.

4. Conclusions

In traditional methods, the state of the water region is 
not considered comprehensively. Therefore, the research on 
the berthing force of windsurfing under the accompanying 

Table 1
Experimental wave elements of a physical model of windsurfing

Wave height  
H/(m)

Wave period  
T/(s)

Dimensionless water  
depth d/(gT2)

Dimensionless wave 
height H/(gT2)

0.06 1.0~2.0 0.015~0.066 0.15 × 10–2~0.66 × 10–2

0.08 1.0~2.0 0.015~0.066 0.21 × 10–2~0.98 × 10–2

0.10 1.0~2.0 0.015~0.066 0.27 × 10–2~1.29 × 10–2

0.12 1.2~2.2 0.015~0.043 0.33 × 10–2~1.04 × 10–2

0.14 1.2~2.2 0.015~0.043 0.40 × 10–2~1.24 × 10–2

0.16 1.2~2.2 0.015~0.043 0.46 × 10–2~1.45 × 10–2

0.18 1.2~2.2 0.015~0.045 0.48 × 10–2~1.29 × 10–2

0.20 1.2~2.2 0.015~0.045 0.50 × 10–2~1.06 × 10–2

0.22 1.2~2.2 0.015~0.045 0.52 × 10–2~1.26 × 10–2

0.24 1.4~2.4 0.015~0.045 0.54 × 10–2~1.47 × 10–2
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wave action of wave group was designed and proposed. 
Following conclusions can be drawn:

• The physical model test was designed. The image collec-
tion and data processing technology based on CCD was 
used to capture the movement of the floating structure 

and the change of wave surface. The problem that the 
traditional measurement method interferes with the 
flow field and affects the measurement accuracy was 
solved.

• In view of the defect of pressure field oscillation 
near the solid wall boundary in the SPH method, an 
improved model of calculating solid wall particle den-
sity was proposed, and the wave force on the structure 
of sailboard was obtained by the momentum equation.

• Through the simulation experiment data, the relation-
ship between the accompanying wave action of wave 
group and berthing force of windsurfing was analyzed. 
The experimental data fully proved the effectiveness 
and practicability of the proposed method.
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