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a b s t r a c t
This article presents a proposal for modelling and numerical simulation with SCILAB with the 
aim of learning the continuous and discontinuous dynamics of anaerobic biological digesters. 
The objective is for the proposed design to be used in relevant Bachelor’s and Master’s degree 
course topics related to the area of environmental technology. The design is characterised by its 
versatility of the use in different situations and its employment of free and open-source tools. 
This latter aspect is an important characteristic as it allows the design to be modified quickly by 
students or teachers, depending on future needs. Some example simulation results are shown of 
the dynamic response of both continuous and discontinuous operation according to predefined 
operation specifications. By demonstrating these simulations, the design can be used to under-
stand and learn the proposed objective.
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1. Introduction

Anaerobic digestion has been established as a sat-
isfactory process for the stabilisation of effluent with a 
high organic load and it is important to know the differ-
ent factors that affect the design of the biological reactor. 
Anaerobic treatment systems are biological systems that 
operate in the absence of oxygen and are very suitable for 
the treatment of highly biodegradable waste. Therefore, it 
is of interest to design learning strategies, based on infor-
mation and communication technologies (ICTs), to help stu-
dents in relevant Bachelor’s and Master’ degree courses and 

provide them with skills in environmental technologies to 
learn and understand the evolution of the relevant variables 
in the operation of anaerobic digesters, both continuous and 
discontinuous. Such learning strategies can be based on the 
use of experimental and laboratory artefacts or designs, as 
well as virtual implementations by means of simulations, 
under easily modifiable environments, designed for the 
study and analysis of the issues of concern. The educa-
tional proposal related to artefacts is based on psycholog-
ical learning theories developed in different works [1–4], 
while the second proposal is based on simulations and is 
set out in the following references [5–9]. In this way, it is 
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possible to achieve appropriate experimental environments 
in line with a constructivist approach to learning through 
active techniques [1,10].

The main objective of this article is a proposal of 
modelling and numerical simulation with SCILAB, with 
a view to learning the continuous and discontinuous 
dynamics of anaerobic biological digesters.

2. Fundamentals of biological process modelling

Bacteria, and to a lesser extent fungi, are responsible 
for the biodegradation reactions that take place in bio- 
treatment [11–14]. Although most degradation reactions 
are part of the normal metabolism of these cells, the goal of 
microorganism metabolism is not to remove environmental 
contaminants, but to grow and sustain the microorganisms. 
Therefore, the formulation of models must begin with the 
active biomass and the factors that allow this growth and 
maintenance.

A biological wastewater treatment or purification pro-
cess is a system in which a culture of micro-organisms 
(biomass) must be maintained, feeding on the impurities 
in the wastewater (substrate or food). The microorgan-
isms grow and feed by extracting nutrients, electrons, and 
energy from the environment. These impurities are the bio-
degradable organic matter (ammonium, nitrate, phosphate, 
and other contaminants at lower concentrations) and form 
the basis of the cellular constituents (carbohydrates, amino 
acids, lipids, and nucleic acids). Electrons are necessary 
to reduce the nutrients to the chemical form used by the 
cellular constituents and to generate the energy necessary 
to make the synthesis and the maintenance of the biomass 
possible. The most basic process of microbial metabolism 
is the transfer of electrons from a donor substrate to a 
receptor substrate.

The place where the biomass is brought into contact 
with the wastewater to carry out the treatment is called a 
biological reactor or digester, also known as a bioreactor or 
biodigester, and can be of different types.

2.1. Basic components of the model

In the simplest mathematical model, at least two 
components are required to describe what happens in a 
digester. These components are:

•	 Substrate (S): component of the wastewater that serves 
as food for the biomass. In a heterotrophic process, its 
concentration can be measured through the biochemical 
oxygen demand (BOD5) or the chemical oxygen demand 
(COD). In fact, this model considers that only soluble 
organic matter is biodegradable and can be attacked by 
biomass, and so S is a soluble component. The substrate, 
therefore, is not separated by sedimentation.

•	 Biomass (X): culture of microorganisms that feed on 
the biodegradable organic matter in the wastewater. 
Its concentration can be measured by the concentra-
tion of volatile suspended solids (VSS) in the biological 
digester. The biomass is formed by particles and can 
be separated by sedimentation, filtration or flotation.

2.2. Basic kinetic processes

A simple two-component model, as described above, has 
at least two basic processes:

•	 Biomass growth: this process is responsible for the con-
sumption of the substrate and the growth of the biomass.

•	 Death of the biomass: this process implies a reduction 
in the growth of the biomass obtained in the previous 
process.

2.3. Basic model of a microbiological system

Let us suppose that the growth, at the expense of a sin-
gle substrate S, of the biomass of microorganisms X in a 
perfectly mixed digester is represented by the reaction:

S X→  (1)

where S is the limiting substrate for microbial growth and X 
is the active biomass. The biomass growth utilization rate can 
be expressed as:

dX
dt

X� ��  (2)

This is a first-rate process, while the speed of consump-
tion of the substrate will be given by:

dS
dt

k S� � �  (3)

where k is the specific rate of substrate consumption (S−1)	
and µ is the specific rate of microbial growth (S−1).	With	this	
we obtain a system of differential equations:

dx
dt

X

dS
dt

k S

� �
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�

�
��
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�
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�
 (4)

This system constitutes the mathematical represen-
tation of the system under consideration. If we express 
both processes (growth of biomass and consumption of 
substrate) as a function of the speed of growth of the bio-
mass, Eq. (4) would be transformed into:

dx
dt

X

dS
dt

S X

= ⋅

= − ⋅ ⋅ ⋅










µ

α µ
 (5)

where α is a stoichiometric coefficient for the state vari-
able S. The stoichiometric coefficients provide the value of 
the conversion factor between the process speed and the 
speed of variation, induced by it, in each state variable.

It is important to highlight that the biomass of microor-
ganisms plays the role of self-catalyst, since it is produced 
in the process, but its presence is necessary for the bio-
transformation of the substrate to take place.
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Experiments on the growth of microorganisms show 
that the speed of growth varies with time and is influenced 
by many physical–chemical and biological environmental 
factors, including the concentration of substrates (S), con-
centration of biomass (X), concentration of products (P), pH, 
temperature (T), concentration of dissolved oxygen, light 
intensity, and various inhibitors of microbial growth [15].

The specific growth rate of microorganisms is generally 
expressed as products of individual terms, each of which 
refers to a growth-limiting factor:

µ µS X P T f S f X f P

f f f T
s x P

T

, , , ,pH

O pH
max

O 2 pH

( ) = ⋅ ( ) ⋅ ( ) ⋅ ( ) ⋅

( ) ⋅ ( ) ⋅ ( )
2

 (6)

where µmax is the maximum specific speed of microbial 
growth (s−1).

As for the type of kinetics used, it is quite common to 
use Monod’s model (7) for enzyme-catalysed processes, so:

� �� �
�max
S

K Ss

 (7)

where Ks is the semi-saturation constant for the substrate 
S. According to this model, the speed of a biological pro-
cess of microbial growth will asymptotically tend to the 
maximum value µmax, and the concentration at which the 
processing speed is equal to half the maximum speed will 
be the value of the semi-saturation constant of the process Ks.

It should be clarified that all the biological processes 
presented in this article are carried out inside a digester, 
so that the kinetic equations given can be used to obtain 
the basic mathematical model. It is assumed that the 
digester is perfectly mixed; that the speed of microbial 
growth is only affected by the concentration of the avail-
able substrate; that it operates in a process of reducing the 
active biomass, with the speed ρd directly proportional to 
the value of the latter:

�d dk X� � �  (8)

that the system (digester) is fed with a current with a sub-
strate concentration Sin of dilution ratio D (the dilution 
ratio represents the volumetric flow rate of the influent per 
unit volume of the digester and is expressed as D = Q/V, 
where V is the volume of the digester (m3) and Q is the 
volumetric flow rate of the tributary (m3 s−1)) and; that a 
current of dilution ratio D, with the concentration of sub-
strate S and concentration of microorganisms X, comes out 
of the digester.

The application in the digester of material balances for 
the substrate and the concentration of biomass provides 
us with the mathematical model that represents the evo-
lution in time of these two components in the digester and 
comprises the following system of differential equations:

dX
dt
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with this being the most basic model that can be dealt 
with.

2.4. Stationary regime of the basic model

To obtain the steady-state of the system, the system of 
differential Eqs. (9) must be considered and the derivatives 
forced to zero, which implies that the steady-state has been 
reached.
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As can be seen in Eq. (10), the steady-state depends on 
the biological properties (kd, Ks, µmax), the D dilution, and 
the input concentration of the substrate Sin. In addition, the 
following conditions must be met to obtain a real solution:

�max � kd  (11)

D kd� ��max  (12)

These conditions are necessary because if the maximum 
growth rate µmax is not higher than the biomass decline 
there will be no stable population and no anaerobic diges-
tion. Something similar occurs with the dilution, which 
must be lower than the concentration of the active biolog-
ical population. Therefore, the maximum ideal dilution 
will be D = µmax – kd.

3. Basic model with impulse type input

The operation of the digester with a continuous input 
is as described above, but the discontinuous loading of 
substrate requires a series of modifications to the model 
[16–19] to be taken into account. This section will show 
the approach of the model for a type of loading that is in 
effect an impulse input, since loading implies the introduc-
tion in a very short time period of a specific volume, V1, 
with an organic load. This loading will be repeated each 
interval of time T, which is much greater than a load time 
that effectively tends to zero with respect to T. The vol-
ume V1 of the load, each time it is introduced, displaces an 
amount of volume equal to V1, with the total volume of the 
digester being VT and the non-displaced volume V2, such 
that VT = V1 + V2. The volume of liquid with the organic mat-
ter is assumed to be perfectly mixed at the same instant as 
the loading is concluded. Because of the above, the dilution 
will now be expressed as follows:

D
V V

V
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V V

V
T
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Q
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where it can be seen that the flow rate Q is, in fact, a “pseudo 
flow”, as it is a kind of average flow rate in the period T, 
between load and substrate load.

From all the above in relation to the impulse type input, 
the basic model of Eq. (9) can be adapted to Eq. (16):

dX
dt

k X
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dt

X
t n T

S
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d

s
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= − ⋅
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∆ 0

 (14)

where S*(n·T) is the concentration of the substrate just 
before loading. The concentration that remains after loading 
and mixing, S(n·T), is expressed as follows:

S n T
S V S n T V

VT
⋅( ) =

⋅ + ⋅( ) ⋅in 1 2*
 (15)

Eq. (15) is a function of the input concentration, of the 
concentration in the digester, and their respective volumes.

4. Scope of the modeling learning proposal

In this paper, a modelling and solving numerical frame-
work for anaerobic digestion with continuous and discon-
tinuous dynamics is introduced which allows the coupling 
of different types of processes: biological, physico-chemical, 
inhibitions, several oxidation and reduction reactions, and 
various aspects of advanced oxidation [1,20]. In addition, 
multiple reaction conditions, which affect the degradation 
rate, can be simultaneously considered [1,20]. However, 
while such problems far exceed the learning objectives 
in the proposed framework of this paper, the intention is 
to address them in future works. One problem of consid-
erable interest is that of biogas generation. Tackling this 
question would mean having to increase the number of 
equations of the system presented in this article, as shown 
in [21], as this type of problem has a higher complexity in 
its numerical resolution than that in the systems of the dif-
ferential Eqs. (9) and (14). Given that the main objective of 
this work is to show and obtain a simple method to learn 
the continuous and discontinuous dynamics of anaero-
bic digestion (while addressing the understanding of the 
mathematical model and its numerical resolution, which 
will be discussed in the next section), it is convenient to 
use the minimum set of relations or equations, both from 
the point of view of its dynamics (continuous or discon-
tinuous) and from the point of view of numerical resolu-
tion. In this way, students will be better able to learn the 
basic skillsets required, which will enable them in the 
future to tackle more complex problems independently.

5. Numerical approach to the basic model

Since the systems of Eqs. (9) and (14) show non-linear  
relationships in the state variables, it is necessary to apply 

numerical approximations to solve them. This implies 
the application of the typical procedures of initial value 
problems. In this article, it is proposed to use the pre-
dictor–corrector method, which is based on the use of 
an explicit solution as an initial predictive solution, and 
then from this, an implicit solution will be used itera-
tively until the convergence of the solution is achieved 
with a certain tolerance. The solution used for the predic-
tor is the simplest form of the Euler equation, in its explicit  
form:

dy t
dt

f t y t y t y y y h f t y

t t n h

n n n n

n

( )
= ( )( ) ( ) = → = + ⋅ ( )
= + ⋅

+, , , ,0 0 1

0

 (16)

For the corrector, the Crank–Nicolson implicit solution is 
used, also equivalent to a trapezoidal solution:

dy t
dt

f t y t y t y y

y h f t y f t y
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Unifying the two solutions in the prediction–correction 
process, we have:
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As indicated, this iterative process will continue until 
the convergence specifications are met. Below, this process is 
presented for the Eq. (14) system.

For the proposed system of equations it would be as 
follows, with h =	Δt:

•	 For the biomass X: 
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•	 For the substrate S:
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•	 Applying the predictor–corrector method, we have:
 □ Prediction step:
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 □ Initialization step with the predictor vector (S(P
n+1,X(P

n+1):
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The Scilab code for this process is included in the Annex.

6. Results

This section shows the results obtained from the model-
ling and simulation proposal with Scilab. Three simulations 
were proposed with the same dilution D = 0.05 s−1, an input 
organic load concentration of Sin = 130 g/m3, and a total vol-
ume of VT = 4 m3.

Fig. 1 shows the first simulation (with continuous 
dynamics) of the evolution of substrate and biomass, start-
ing from an initial state and, after the transitory process, 

reaching a stationary state, with the values Sre = 61.6 g/m3 and 
Xre = 69.7 g/m3.

Fig. 2 shows the second simulation (with discontinuous 
dynamics and period T = 0.5 h) of the evolution of substrate 
and biomass, starting from an initial state and, after the tran-
sitory process, reaching a stationary state, with the values 
Sre = 61.6 g/m3 and Xre = 69.7 g/m3.

Fig. 3 shows the third simulation (with discontinuous 
dynamics and period T = 2.5 h) of the evolution of substrate 
and biomass, starting from an initial state and, after the tran-
sitory process, reaching a stationary state, with the values 
Sre = 61.6 g/m3 and Xre = 69.7 g/m3.

Fig. 1. Result with Sre = 61.6 g/m3 and Xre = 69.7 g/m3 and 
continuous regime.

Fig. 3. Result with Sre = 61.6 g/m3 and Xre = 69.7 g/m3 and discon-
tinuous regime with T = 2.5 h.

Fig. 2. Result with Sre = 61.6 g/m3 and Xre = 69.7 g/m3 and discon-
tinuous regime with T = 0.5 h.
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The first and third simulations are shown together in 
Fig. 4 for comparison purposes. It can be seen that in both 
cases the steady-state coincides, as expected.

7. Conclusions

This article presents a proposal for modelling and 
numerical simulation, with the aim of learning the contin-
uous and discontinuous dynamics of anaerobic biologi-
cal digesters. The design is based on the use of Scilab, an 
open-source software application. This characteristic makes 
it possible for studies to easily modify the original design 
presented in this study. A series of trials were implemented 
to test the technical and pedagogical feasibility of the pro-
posal. From the experimental results obtained and the tests 
carried out, it was found that the learning proposal presented 
in this article is viable. Finally, the proposed experimen-
tal design is shown to be extremely flexible and versatile, 
principally thanks to the use of free applications, its ease of 
use, and the large community working on the development 
of new calculation tools within the scope of Scilab.
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ANNEX. SCILAB CODE.

clear; clc;
mu_max = .1/3600;
k_s = 100; k_d = .00001; k_x = .00000150;
V_1 = .01; V_2 = 3.99; V_T = V_1+V_2;
S_min = k_d*k_s/(mu_max-k_d); S_in = 130;
dt = 100; time = 200*24*3600; Delta_t = .05*24*3600;
q = round(Delta_t/dt);
t = 0:dt:time;
X = zeros(1,length(t)); S = zeros(1,length(t));
X(1)  = .1; S(1)  = 0; S_in = S_in; X_in = .1;
e = 1; f = 0; g = 0;

for k = 2:length(t)
f = f+1;
if f> = q //Impulse input

S(k-1) = (V_2*S(k-1)+V_1*S_in)/V_T;

X(k-1) = (V_2*X(k-1)+V_1*X_in)/V_T;
f = 0;

end

//Prediction step.
X(k) = (1+(mu_max*S(k-1)/(k_s+S(k-1))-k_d)*dt)*X(k-1);
S(k) = (1-k_x*X(k-1)/(k_s+S(k-1))*dt)*S(k-1);

//Initialization and recursive correction steps.
While	(e>=.01)

x = X(k);
s = S(k);

X(k) = X(k-1)+dt/2*((mu_max*S(k-1)/(k_s+S(k-1))-
k_d)*X(k-1)+ +(mu_max*S(k)/(k_s+S(k))-k_d)*X(k)); 

S(k) = S(k-1)-k_x*dt/2*(S(k-1)/(k_s+S(k-1))*X(k-1)+S(k)/
(k_s+S(k))*X(k));

e = sqrt((x-X(k))^2+(s-S(k))^2);
end

end
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