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ABSTRACT

The modeling equations for the temperature distribution and pure water productivity in a
parallel-plate direct contact membrane distillation module under countercurrent-flow were
derived theoretically with the use of the mass balance on each subchannel. The analytical
solution is obtained by using the separated variables method with an orthogonal expansion
technique extended in power series. The pure water productivity, average Nusselt number,
and temperature distributions of both hot and cold feed streams are represented graphically
with the feed velocity and the inlet saline temperature as parameters. The improvements of
device performance were achieved under the countercurrent-flow operation. The influences
of operation and design parameters on the pure water productivity are also discussed.

Keywords: Conjugated Graetz problems; Countercurrent; Nusselt number; Direct contact
membrane distillation; Pure water productivity

1. Introduction

Membrane-based separation processes have been
widely used in concentrating or purifying systems, as
referred to the membrane contactors, such as desalina-
tion processes [1,2] and other applications such as
temperature sensible separation [3], waste water treat-
ment [4], juice concentration [5], and other innovative
applications [6]. Membrane distillation (MD) modules
are more economically attractive in reducing addi-
tional energy requirements than conventional distilla-
tion processes. It is easy to scale-up the operating

device in implementing different membrane processes
under lower operating pressure and temperature can
be easily incorporated with renewable energy equip-
ment such as solar collectors [7] and solar distillers
[8]. The direct contact membrane distillation (DCMD)
device in this study is an MD operation for which
liquids directly contact both membrane surfaces and
provide a phase-change process that only permits
vapor transport across a hydrophobic porous
membrane to be collected as pure water.

The MD process analysis in countercurrent opera-
tions was developed making simultaneous mass and
energy balances between both cold and hot feed
streams to obtain a two-dimensional microscopic
modeling in determining the temperature profiles*Corresponding author.
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with position in the flow direction and developing the
transmembrane flux mechanism as well. The resultant
partial differential equations belong to multi-phase or
multistream systems with coupling through conju-
gated conduction-convection conditions on the bound-
aries, as referred to conjugated Graetz problems [9,10].
The analytical solutions for such conjugated Graetz
problems were essentially performed using orthogonal
expansion techniques [11–13] in terms of eigenfunc-
tions expansion. Once the temperature distributions
and the amount of vapor flux across the membrane
are calculated, analytical simplified expressions of
Nusselt number and pure water productivity are thus
obtained.

This study investigates the heat and mass transfer
of the countercurrent flow in DCMD processes to
achieve the analytical solution using the separated vari-
ables method with an orthogonal expansion technique
extended in power series to calculate the Nusselt
number and temperature distributions analytically.

1.1. Mathematical statements

Fig. 1 shows a MD module with inserting a hydro-
phobic microporous membrane of thickness dm into a
parallel conduit of width B and length L with thickness
Wa and Wb for hot and cold feed streams, respectively,
to conduct a countercurrent double-flow operation. Hot
and cold streams enter subchannels a and b, respec-
tively, as the pure water production process proceeds.
The distillate flux of pure water is collected by an over-
flow tank into a beaker, measured using a timer and
weighted on an electronic balance. The mathematical
formulations for the transport phenomena of such
devices belong to the category of conjugated Graetz
problems and can be solved analytically using the
eigenfunction expansion technique with the orthogo-
nality conditions [13,14]. The assumptions are: (a)
steady-state operation; (b) constant physical properties

calculated at some specified temperature; (c) only
velocity components in the z-axis direction will be
present; (d) no internal generation of energy; (e) fully
developed velocity profile. The velocity distributions
and equations of energy in dimensionless form for fully
developed laminar flow of fluids with negligible
longitudinal conduction in a flat-plate geometry may
be obtained as [15]
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The boundary conditions for solving Eqs. (1) and
(2) based on the heat transfer mechanism [16] are

waðga; 0Þ ¼ wa;in ð6Þ

wbðgb; 1Þ ¼ wb;in ð7Þ
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Eq. (10) expresses that the amount of heat conduc-
tion transferred across the membrane is equal to the
latent heat accompanying vapor flux, while Eq. (11)
indicates the same amount of heat flux occurs at the

Fig. 1. Schematic diagram of countercurrent MD system in
rectangular coordinate.

5114 C.-D. Ho et al. / Desalination and Water Treatment 51 (2013) 5113–5120



mutual boundary. The general expression of mass flux
in Eq. (10) was written as

N00 ¼ cmDP
sat ¼ cmðPsat

1 � Psat
2 Þ ð12Þ

and Psat
1 , Psat

2 are the saturated pressure of water on
the hot and cold feed membrane surfaces, respec-
tively. The membrane coefficient in determining the
mass flux across the hydrophobic porous membrane is
proposed by Chen et al. [15] and presented by a
semi-empirical equation to describe the water vapor
flux through a de-aerated microporous membrane,
and this is

cm ¼ cK þ cp

¼ 1:064aðTÞ er
sdm

M

RTm

� �1=2

þ0:125bðTÞ er
2

sdm

MPm

gvRTm
ð13Þ

where a(T) and b(T) are the Knudsen diffusion model
and Poiseuille flow model contributions, respectively.
The vapor pressure within the membrane is not
directly measurable and can be expressed in terms of
temperatures as T1�T2 < 15 [17], that is,

N00 ¼ cm
PmkM
RT2

m

ðT1 � T2Þ ð14Þ

where Pm ¼ ðPsat
1 þ Psat

2 Þ=2 and Tm= (T1 +T2)/2 are the
mean saturated pressure and mean temperature in
membrane, respectively. Substitution of Eq. (14) into
Eq. (11) gives

@wað1; nÞ
@ga

¼ �
cm � Pmk

2M
RT2

m
þ km
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� 	
kfa

Wa wað1; nÞ � wbð1; nÞ½ �

¼ �H1Wa wað1; nÞ � wbð1; nÞ½ �
ð15Þ

The analytical solution to this conjugated problem
may be obtained using an orthogonal expansion tech-
nique in power series. The variable separation leads
to the following form:

waðga; nÞ ¼
X1
m¼0

Sa;mFa;mðgaÞGmðnÞ ð16Þ

wbðgb; nÞ ¼
X1
m¼0

Sb;mFb;mðgbÞGmðnÞ ð17Þ

where Sa,m and Sb,m are the expansion coefficient asso-
ciated with eigenfunction Fa,m and Fb,m, respectively,
in terms of the eigenvalue km, and Gm is a function of
n and will be damped out exponentially. Without loss

of generality, we may assume the eigenfunctions
Fa,m(g) and Fb,m(g) to be polynomials, then expressed
in the following forms [18]:

Fa;mðgaÞ ¼
X1
n¼0

dmng
n
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Fb;mðgbÞ ¼
X1
n¼0

emng
n
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All the coefficients dmn and emn may be in terms of
eigenvalue km as
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..

.
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The orthogonality conditions in this countercurrent
flow MD system for km–kn can be expressed to
calculate the expansion coefficients Sa,m and Sb,m as
follows:

kfaWb
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Besides, the relationship between Sa,m and Sb,m
may also be obtained as

Sb;m ¼
F0
a;mð1Þ þH1WaFa;mð1Þ

h i
H1WaFb;mð1Þ Sa;m; m–0 ð23Þ

By following the same calculation procedure per-
formed in the previous work [13,14], the coefficients
for Sa,m and Sb,m were calculated as follows:
(i) m= 0
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(ii) m–0 and m ¼ q

(iii) m–0 and m–q

While the expansion coefficients Sa,m and Sb,m in
Eqs. (23) and (24)–(26) are calculated, the average tem-
perature along the flowing direction of both streams
were obtained with the aid of Eqs. (16) and (17), and
Fa,0(ga) = Fb,0(gb) = 1 with k0 ¼ 0

waðnÞ ¼ Sa;0 þ 1

4Gza

X1
m¼1

1

km
Sa;mF

0
a;mð1Þekmn ð27Þ

wbðnÞ ¼ Sb;0 � 1

4Gzb

X1
m¼1

1

km
Sb;mF

0
b;mð1Þekmn ð28Þ

2. Average Nusselt number

The local Nusselt number in the hot saline stream
is defined by

Nun ¼ hanDeq;a

kfa
¼ 2

P1
m¼1 Sa;mF0

a;mð1ÞekmnP1
m¼1 Sa;m½Fa;mð1Þ � 1

4Gzakm
F0
a;mð1Þ�ekmn

ð29Þ

where han is the local heat transfer coefficient for hot
saline stream and Deq,a= 2Wa is the equivalent
diameter of subchannel a

han ¼ kfa
Wa

@wað1; nÞ=@ga
wað1; nÞ � waðnÞ

ð30Þ

The numerator and denominator in Eq. (30) are
obtained differentiating Eq. (16) and with the use of
Eq. (27) as follows:

@wað1; nÞ=@ga ¼
X1
m¼1

Sa;mF
0
a;mð1Þekmn ð31Þ

wað1; nÞ � waðnÞ ¼
X1
m¼1

Sa;m½Fa;mð1Þ � 1

4Gzakm
F0
a;mð1Þ�ekmn

ð32Þ

Substitutions of Eqs. (31) and (32) into Eq. (30) in
giving the final expression of the local Nusselt num-
ber in Eq. (29). Hence, the average Nusselt number
was obtained as

Nu ¼
Z 1

0

Nundn ð33Þ

A numerical example with some equipment param-
eters and physical properties of some temperature-
dependent parameters are assumed to be constant and
calculated at the specified temperature and then
plugged into the theoretical prediction procedure for
simulating real systems. The design parameters,
operation parameters and physical properties for both
pure water runs and 3.5 wt% NaCl solutions are
employed in the present study. Cp,a= 4001 J/(kg K);
Cp,b= 4180 J/(kg K); Wa=Wb= 0.002m; L= 0.21m; B=
0.29m; dm= 130� 10�6m; M= 0.018 kg/mol; Q= 0.0086,
0.0144, 0.0201 and 0.0259m/s; e= 0.72; Ta,in= 30–45˚C;
Tb,in= 25˚C; qNaCl = 2170 kg/m3; qb,in= 998.2 kg/m3; k ¼
2:426� 106J=kg; ks= 0.178W/(mK); cm= 5.7� 10�7

kg/(m2Pas); and R= 8.314 J/(mol K). Moreover, the
correlation equations for some physical properties are
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obtained from the experimental data by Ozbek and
Phillips [19] as follows:

kg ¼ 0:0144� 2:16� 10�5ðTm þ 273:15Þ þ 1:32

�10�7ðTm þ 273:15Þ2 ð34Þ

kfiðTi;in;miÞ ¼ �0:46þ 5:8� 10�3ðTi;in þ 273:15Þ � 7:18

�10�6ðTi;in þ 273:15Þ2 � 7:3� 10�3mi þ 4:1

�10�4m2
i for ð20 6 Ti;in 6 100; 0 6 mi 6 5Þ ð35Þ

qaðTa;inÞ ¼ 100

3:5=qNaCl þ 96:5=qw

ð36Þ

qw ¼ 819þ 1:49ðTin þ 273:15Þ � 3� 10�3ðTin þ 273:15Þ2
ð37Þ

km ¼ ekg þ ð1� eÞks ð38Þ

3. Results and discussions

Five eigenvalues and the associated expansion coef-
ficients were calculated. Some results for Ta,in= 40˚C,
Q= 0.0259m/s as well as the dimensionless outlet tem-
perature and pure water flux are shown in Table 1.
The power-series expressions for temperature distribu-
tions converge very rapidly and only four eigenvalues
as well as their corresponding eigenfunctions are nec-
essary to be considered during the calculation proce-
dure, as suggested from Table 1. The dimensionless
temperature distributions in both subchannels for a
countercurrent flow device were worked out by ana-
lytically solving the governing equations and corre-
sponding boundary conditions as the similar
calculation procedure in the previous works [13,14].
The associated eigenfunctions (Fa,m and Fb,m,
m= 0, 1, 2, 3) can also be found in Eqs. (18) and (19)
after the eigenvalues (km;m ¼ 0; 1; 2; 3) were calculated.
Therefore, the temperature distributions of the hot or
cold feed stream wa(ga, n) or wb(gb, n) in the MD are
readily gained in Eqs. (16) and (17) with the use of the
expansion coefficients (Sa,m and Sb,m, m= 0, 1, 2, 3), as
shown in Eqs. (23)–(26).

Fig. 2 presents the graphical representations of the
theoretical predictions of pure water flux utilizing
saline water versus as hot feed streams. The pure
water flux increases with increasing feed velocity and
inlet hot stream temperature under a given cold feed
stream temperature in DCMD systems, as inferred
from Fig. 2. The pure water flux increment increases
with increasing fluid velocity owing to strengthening
the convective heat-transfer coefficient. Restated, the
influence of increasing the feed velocity is to reduce
both the velocity boundary and the thermal boundary
layers, say the disadvantage effect of temperature
polarization, resulting in a larger temperature driving
force, and hence the transmembrane pressure differ-
ence, across the membrane surfaces, as shown in
Fig. 2. It was also found that pure water productivity
in the countercurrent-flow device was higher than that
in the concurrent-flow device. The temperature distri-
butions of both cold and hot feed streams are
presented in Fig. 3, while the membrane surface tem-
peratures and wall temperature distributions along
the flowing direction are shown in Fig. 4. The temper-
ature gradient between both cold and hot feed
streams increases with increasing the feed velocity,
and thus, a higher pure water flux was obtained, as
observed from Figs. 3 and 4. Besides, the average tem-
perature distributions calculated by Eqs. (27) and (28)

Table 1
The dimensionless outlet temperature of the hot feed stream for the eigenvalue number and expansion coefficients with
analytical solution of pure water flux in countercurrent flow device. Ta,in= 40˚C, Q= 0.0259m/s

m k0 k1 k2 k3 k4 Sa,0 Sa,1 Sa,2 Sa,3 Sa,4 wa;o
N” (kg/m2 s)

3 0 �0.008 �5.265 – – �10.81 11.42 �0.011 – – 0.9056 5.89� 10�4

4 0 �0.008 �5.265 4.990 – �8.838 9.868 �0.055 �5.87� 10�6 – 0.9107 6.23� 10�4

5 0 �0.008 �5.265 4.990 �17.16 �8.993 10.024 �0.223 �6.20� 10�6 �0.332 0.9109 6.24� 10�4

0.009 0.012 0.015 0.018 0.021 0.024
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Fig. 2. Pure water flux for saline water versus as the feed
velocity of hot stream for both flow patterns.
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taper along the flow direction in the whole MD
module, as indicated from Fig. 5.

The Nusselt number defined by the ratio of convec-
tive to conductive heat transfer across the boundary
was developed to express the heat transfer efficiency in
MD process, and thus, the heat transfer phenomena in
longitudinal flowing direction was characterized by the
local Nusselt number while the average Nusselt num-
ber, was presented for the overall heat transfer
efficiency. Fig. 6 shows the theoretical local Nusselt
number along the flowing direction with Graetz num-
ber in a hot feed stream Gza as a parameter. The local
Nusselt number has significant enhancement along the
hot stream flow direction and increases with increasing
Graetz numbers in the hot feed stream as well. Fig. 7
shows the theoretical results of the average Nusselt

number Nu of the hot feed stream versus Graetz num-
ber variations (Gza) in the hot stream under both
concurrent- and countercurrent-flow operations. The

larger the Graetz number is operated, the larger Nu is
obtained, regardless of the concurrent- and countercur-
rent-flow devices, as demonstrated in Fig. 7. Moreover,
the average Nusselt number in the countercurrent-flow
device is larger than that in the concurrent-flow device,
as shown in Fig. 7.
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Fig. 3. Temperature distribution profiles in transversal
coordinate along flowing direction with Ta,in= 40˚C and
Tb,in= 25˚C.
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distributions along flowing direction with Ta,in= 40˚C and
Tb,in= 25˚C.
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4. Conclusions

Heat and mass transfer phenomena of the laminar
countercurrent-flow flat-plate membrane distillation
modules were analytically investigated in this study.
The two-dimensional heat-transfer mathematical for-
mulation with water vapor flux across the membrane
was developed theoretically and solved analytically
using the orthogonal technique with eigenfunction
expanding in terms of a power series. A good approxi-
mation was obtained using four eigenvalues in the cal-
culation procedure, as shown in Table 1. The
dimensionless temperature profiles in both subchan-
nels, pure water flux, and Nusselt number were calcu-
lated and represented graphically. The advantage and
value of the theoretical model in this study lie in the
fact that they can calculate the Nusselt number and
pure water flux directly without experimental runs or
semi-experimental equations and yield the dimension-
less temperature profile in the entire MD modules
under the countercurrent-flow operation. There are
many operation and design parameters such as the feed
velocity and inlet hot stream temperature that may
affect the device performance in the MD modules. It is
also found in Figs. 2 and 7, the pure water flux and
average Nusselt number increase with increasing feed
velocity and Graetz number Gza, respectively. Further-
more, the pure water flux and average Nusselt number
in the countercurrent-flow device is larger than those in
the concurrent-flow device. One can also expect that
the present mathematical treatment can be applied to
other DCMD modules.

Acknowledgment

The authors thank the National Science Council of
the republic of China and Tamkang University for
their financial support.

Symbols

B — width of the channel, m

Cp — heat capacity of feed solution,
J/kgK

ck — membrane coefficient based on the
Knudsen diffusion model,
kg/(m2 Pa s)

cm — membrane coefficient, kg/(m2Pa s)

cp — membrane coefficient based on the
Poiseuille flow model, kg/(m2Pa s)

dmn — coefficient in the eigenfunction Fa,m
Deq,a — the equivalent diameter of

subchannel a

emn — coefficient in the eigenfunction Fb,m
Fm — eigenfunction associated with

eigenvalue km
Gm — function defined during the use of

orthogonal expansion method

Gz — Graetz number

H1 — definition in Eq. (15)

han — local heat transfer coefficient for hot
feed stream, J/(s mK)

kf — thermal conductivity of feed stream
solution, J/(s mK)

kg — proportion of gas pore thermal
conductivity, J/(s mK)

ks — solid membrane thermal
conductivity, J/(s mK)

km — thermal conductivity of the porous
membrane, J/(s mK)

L — channel length, m

M — molecular weight of water, kg/mol

m — molality of NaCl in NaCl solution

N´ — pure water flux, kg/(m2s)

Nun — local Nusselt number

Nu — average Nusselt number

Psat
1 — saturated pressure of water on hot

feed membrane surface, Pa

Psat
2 — saturated pressure of water on cold

feed membrane surface, Pa

Pm — mean saturated pressure in
membrane, Pa

Q — feed velocity, m/s

r — membrane pore radius, m

R — gas constant, J/molK

Sm — expansion coefficient associated
with eigenvalue km

T1 — temperature of water on hot feed
membrane surface, ˚C
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Gz
a
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Countercurrent flow device

Fig. 7. Comparison of the average Nusselt number with
different flow-type devices with Ta,in= 40˚C, Tb,in= 25˚C
and Gzb = 0.6236.
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T2 — temperature of water on cold feed
membrane surface, ˚C

T — feed stream temperature, ˚C

Tin — inlet stream temperature, ˚C

Tm — mean temperature in membrane, ˚C

v — stream velocity, m/s

�v — mean stream velocity, m/s

W — height of channel, m

X — transversal coordinate, m

Z — longitudinal coordinate, m

Greek symbols

a — thermal diffusion coefficient, m2/s

a(T) — the Knudsen diffusion model
contribution

b(T) — the Poiseuille flow model
contribution

dm — thickness of the porous
membrane, m

e — membrane porosity

g — dimensionless transversal
coordinate, x/W

gv — gas viscosity, N s/m2

k — latent heat of water, J/kg

km — Eigenvalue

q — fluid density of feed solution,
kg/m3

qNaCl — density of solid NaCl, kg/m3

qw — density of pure water, kg/m3

n — dimensionless transversal
coordinate, z/L

s — membrane turtuosity factor

w — dimensionless temperature

w — average dimensionless temperature

Subscript

a — in the hot feed stream channel

b — in the cold feed stream channel

con — in the concurrent flow device

counter — in the countercurrent flow device

in — at inlet

References

[1] K.W. Lawson, D.R. Lloyd, Membrane distillation, J. Membr.
Sci. 124 (1997) 1–25.

[2] M. Gryta, M. Tomaszewska, J. Grzechulska and A.W. Moraw-
ski, Membrane distillation of NaCl solution containing
natural organic matter, J. Membr. Sci. 181 (2001) 279–287.
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