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ABSTRACT

This work aims to verify the effects of the retentate and the permeate flow pattern and the
concentration polarization phenomenon on the performances of a reverse osmosis desalina-
tion plant. The two types of flow circulation studied in this work are the co-current and
counter-current flow patterns. Two mathematical models were developed. They are both
based on the solution diffusion model. The first mathematical model is formed of a set of
non-linear equations. The second one is formed of a set of ordinary differential equations.
The numerical resolution of the second mathematical model is subjected to the split bound-
ary value problem. A robust and efficient iterative procedure was developed to solve this
problem. It consists in combining the orthogonal collocation and the finite elements method.
The non-linear coupled system of differential equations is transformed to an uncoupled lin-
ear system by an iterative technique. This linearization allows more stability. The real case of
reverse osmosis desalination plant of Bousfer, in the west of Algeria, is used to verify the
accuracy of the developed mathematical models. The results obtained by simulations show a
good adequacy between the experimental values and those obtained by the numerical resolu-
tion of the developed models.

Keywords: Bousfer plant; Reverse osmosis; Computer simulation; Flow pattern; Orthogonal
collocation; Finite elements method

1. Introduction

The fast growth on the drinking water demand
and the irregular rainfall that Algeria knew in the last
years leads to the adoption of a new water policy. The
use of sea water desalination techniques has become a
strategic alternative to ensure drinking water supply
for cities of the littoral and others agglomerations. A
program of installation of sea water desalination units

was made and quickly implemented. Thus, 13 stations
of high production capacity from 50,000 up to
500,000m3/d and more than 17 monobloc units were
built through the Algerian littoral. Most of these units
use the reverse osmosis technique.

The reverse osmosis process consists in passing
aqueous solution under pressure through an appropri-
ate membrane and withdrawing the membrane
permeate at atmospheric pressure and ambient
temperature. The product obtained is enriched in pure*Corresponding author.
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water with a total salinity less than 500mg/l. The
dissolved salts are recovered in the retentate with higher
concentration in the high-pressure side of the mem-
brane. The retentate is rejected with a salt concentration
ranging from 60 to 70g/l. For this, the discharge shall be
far from the coast to decrease the salt concentration.

A detailed model that describes a general mem-
brane separation process was developed from mass,
energy, and momentum balances [1]. This approach
disregards some common assumptions and is applica-
ble to any membrane separation. This model was used
to assess the performances of a gas separation system
in hollow fiber modules.

The structural information, such as the pore size
and the skin thickness of the active layer, was used to
predict the performances of the reverse osmosis hol-
low fiber membranes [2]. This study shows that the
membrane structure is of primary importance in addi-
tion to process design.

Another model based on a generalized transport
equation system involving water solvent and ionized
solutes was developed [3]. This model was tested to
predict the performances of two types of membrane
without specifying their configurations.

Wiley and Fletcher [4] utilize computational fluid
dynamics to simultaneously model flow and concen-
tration polarization in both feed and permeate chan-
nels for pressure-driven membrane processes. The
effect of rejection, wall permeation rates, and solutions
properties are studied.

A mathematical model based in conservation equa-
tion of mass and momentum was developed to deter-
mine the factors that affect the performances of
pressure-driven membrane processes [5]. This model
is used to study the effect of buoyancy in reverse
osmosis water desalination. In this work, neither con-
figuration of membrane module (hollow fiber or spiral
wound), nor flow pattern is specified.

An optimization algorithm is used to find the opti-
mal design of a reverse osmosis network for sea water
desalination [6]. The networks were designed by using
hollow fiber module. In this study, only co-current is
considered.

Absar et al. [7] developed a mathematical model for
a reverse osmosis module operating in closed-loop con-
centrating mode. Two flow patterns were studied: the
co-current and the counter-current. In this mathemati-
cal model, the concentration polarization phenomenon
was neglected. In our study, two mathematical models
are developed. They are both based on the solution-
diffusion model. It permits to study the effects of the
permeate and the retentate circulation inside the
module and the concentration polarization phenome-
non on the desalination modules performances.

This work is organized as follows:

• Section 2 gives the fundamental equations that
describe the transport phenomena in reverse osmo-
sis using the solution-diffusion model and the
material balance equations for the modes of flow
rate circulation.

• Section 3 presents the resolution method used to
resolve the mathematical model described earlier
with a brief review of the orthogonal collocation on
the finite elements method.

In sections 4 and 5, mathematical models
developed in the previous section are used to simulate
the sea water desalination plant of Bousfer, Algeria.

2. Mathematical modeling

The mass transfer model employed in this study is
the solution-diffusion model. The solvent mass flux
can be expressed by Fick’s law. It depends on trans-
membrane pressure DP and the osmotic pressure of
the solution on the feed and the permeate side of the
membrane [8,9]:

Jw ¼ AwðDP� DpÞ ð1Þ

Aw is the water permeability constant.
Dp is the osmotic pressure difference on both sides

of the membrane. Its expression is given as follows:

Dp ¼ pM � pP ð2Þ

where the subscripts M refers to the membrane and
the subscript P to the permeate side.

For low concentration, the osmotic pressure is
approximately a linear function of solute concentra-
tions [10,11]:

p ¼ jC ð3Þ

where j is a proportionality coefficient [10–12]. By
substituting Eq. (3) into Eq. (1), we obtain the
following:

Jw ¼ AwðDP� jDCÞ ð4Þ

DC is the gradient of the solute concentration. It is
expressed as follows:

DC ¼ CM � CP ð5Þ

For the solute flux, it is assumed that chemical
potential difference due to pressure is negligible and

B. Absar and O. Belhamiti / Desalination and Water Treatment 51 (2013) 5942–5953 5943



so the driving force is almost entirely due to
concentration differences.

From Fick’s law, the solute mass flux is repre-
sented as follows:

Js ¼ BsðDCÞ ð6Þ

where Bs is the solute permeability coefficient which
is a function of the solute composition and the
membrane structure.

The solute mass flow rate is expressed as:

_Qs ¼ JsSa ¼ BsSaðCM � CPÞ ð7Þ

Sa is the membrane surface exchange.
In pressure-driven liquid-phase membrane

processes, the solvent as well as the dissolved matters
move by convection to the surface of the membrane.
The retention of the rejected species on the surface of
the membrane forms a polarization layer. Thus, a
concentration gradient is formed between the feed
solution and the membrane surface.

This phenomenon causes an increase in the solute
permeation driving force ðCM � CpÞ and a reduction in
that of the solvent permeation [11].

The resolution of the solute mass balance equation
at the membrane surface gives:

ðCM � CPÞ
ðCF � CPÞ ¼ exp

Jvw
K

� �
ð8Þ

CP is the salt concentration in the feed side.
Jvw is the volumetric flow rate.
CM is the solute concentration at the membrane

surface.
K is the mass transfer coefficient. It depends on

the solution physical and chemical properties and also
on the system hydrodynamic conditions. Analogies
between mass and heat transfer allow calculation of
the mass transfer coefficient [13–18].

The membrane rejection is defined as the fraction
of solute present in the solution which is stopped by
the membrane:

TR ¼ ðCF � CPÞ
CF

¼ 1� CP

CF
ð9Þ

Using the relations for solvent and solute flux,
solute rejection for the solution-diffusion model can
be expressed as follows:

1

TR
¼ 1þ Bsqw

Aw

1

DP� Dp

� �
ð10Þ

Eq. (10) shows that if the pressure tends to a large
value, the rejection approaches toward unity.

2.1. First mathematical model

This mathematical model is simple. Its resolution
is simple and does not present a particular difficulty.
It permits calculation of permeate flow (solvent and
solute) knowing certain parameters: solvent and solute
properties, salinity, surface exchange, and hydraulic
transmembrane pressure.

By substituting DC by its expression Eq. (4) in Eq.
(5), we obtain:

Jw ¼ AwðDP� jðCM � CPÞÞ ð11Þ

The solvent flow rate expression can be obtained
by multiplying the mass flux expression by the
membrane surface and dividing by the density:

Qw ¼ JwSa

qw

ð12Þ

qw is the water density.

Qw ¼ Aw

qw

SaðDP� jðCM � CPÞÞ ð13Þ

The concentration difference ðCM � CpÞ is
expressed as follows:

ðCM � CPÞ ¼ ðCF � CPÞ exp Jvw
K

� �
ð14Þ

CF is known. It represents the solute concentration in
the feed solution.

The solvent volumetric flux, Jvw is a function of the
volumetric flow rate (Qw), and the membrane surface
(Sa):

Jvw ¼¼ Qw

Sa
ð15Þ

CP is the solute concentration in the permeate side.
It can be expressed by the ratio of the solute mass
flow rate on the solvent volumetric flow rate:

CP ¼
_Qs

Qw
ð16Þ

By replacing Cp by its expression in Eq. (13):

Qw ¼ Aw

qw

Sa DP� j CF �
_Qs

Qw

 !
exp

Qw

KSa

� � !
ð17Þ
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In the same way, we rewrite the solute mass flow
rate:

Qs ¼ BsSaj CF �
_Qs

Qw

 !
exp

Qw

KSa

� �
ð18Þ

The total solvent volumetric flow rate is obtained
as follows:

Qp ¼ Qwqw þ _Qs

qw

ð19Þ

Global mass balance equation gives:

QB ¼ QF �QP ð20Þ

QB: retentate volumetric flow rate.
QF: feed volumetric flow rate.

Another parameter, which must be taken into con-
sideration in addition to these two equations, is the
pressure drop in the feed side PB and the permeate
side PP. For the spiral modules, the flow in the feed
and permeate side is regarded as a flow between two
plates of t spacing, L length and W width. The feed
side pressure drop equation is given as follows [9]:

DPB ¼ 12QBLl
Wt3

ð21Þ

where l is the water dynamic viscosity.
The flow in hollow fiber module is similar to an

annular flow (two concentric tubes of diameters Di

and Do). The pressure drop equation is given as
follows [19]:

DPB ¼ 128QBLl

pðD2
o �D2

i Þ D2
o þD2

i �
ðD2

o�D2
i
Þ

ln Do
Di

� �
0
@

1
A

ð22Þ

The permeate side pressure drop is expressed as
follows:

DPP ¼ 8QPLl
pr4i

ð23Þ

This equation is the same for both types of flow
pattern.

In the case of the spiral wound module, ri is the
collector radius. For hollow fiber module, ri is that of
fibers.

2.2. Second mathematical model

Co-current and counter-current flow pattern can
be met in both configurations: hollow fibers and spiral

wounds. Indeed, in both configurations, transfer
phenomena are governed by the same laws: solution
diffusion model. The flow through a spiral wounds is
assumed as a flow though a rectangular channel. On
the other hand, the flow through a hollow fiber
module can considered as a flow through a tube.

The second mathematical model takes account of
the feed and permeate flow rate direction.

2.2.1. Co-current flow pattern

In this flow pattern, permeate and feed in fiber
side and shell, respectively, flow co-currently.
According to the solution-diffusion model, the rate of
water permeate, Qpw, in an elemental section DSa is:

Qw ¼ Aw

qw

DSa DP� jðCF � CPÞ exp
Qpw

KDSa

� �� �
ð24Þ

For hollow fibers configuration, elemental section
is expressed as follows:

DSa ¼ pDmDx ð25Þ

where Dm is the mean diameter.

Qw ¼ Aw

qw

ðpDmDxÞ DP� jðCF � CPÞ exp Qpw

KDSa

� �� �
ð26Þ

The material balance for water in the shell side is
obtained:

Qsw ¼ Qsw þ dQsw

dx
Dx

� �
þQpw ð27Þ

where Qsw is the water volumetric flow rate in the
shell side, see Figure 1. The first subscript indicates
the shell or the fiber side, and the second subscript
indicates the solute or the water.This equation reduces
to:

dQsw

dx
¼ �Qpw

Dx
ð28Þ

Qpw is the permeate flow rate across the membrane.
Substituting for in Eq. (26):

dQsw

dx
¼ �Aw

qw

ðpDmÞ DP� jðCF � CPÞ exp
Qpw

KDSa

� �� �
ð29Þ

CF indicates the solute concentration in the feed
flow rate (shell side). It is expressed as the ratio of the
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solute mass flow rate on the water volumetric flow
rate:

CF ¼
_Qss

Qsw
ð30Þ

_Qss: Solute mass flow rate in the shell side.
Similar equation is obtained for the solute

concentration CP in the permeate flow rate (fiber side):

Cp ¼
_Qfs

Qfw
ð31Þ

where _Qfs and Qfw are, respectively, the solute mass
flow rate and the water volumetric flow rate in the
fiber side.

Substituting CF and Cp by their expressions in Eq.
(29):

dQsw

dx
¼ �Aw

qw

ðpDmÞ

� DP� j
_Qss

Qsw
�

_Qfs

Qfw

 !
exp

Qpw

KDSa

� � !
ð32Þ

The material balance for water on the fiber side is
obtained in the same manner:

dQfw

dx
¼ Aw

qw

ðpDmÞ

� DP� j
_Qss

Qsw
�

_Qfs

Qfw

 !
exp

Qpw

KDSa

� � !
ð33Þ

The material balance for the solute in the shell side
is obtained (see Fig. 1):

_Qss ¼ _Qss þ
d _Qss

dx
Dx

 !
þ _Qps ð34Þ

where _Qss is the solute mass flow rate in the shell side

and _Qps the solute mass flow rate across the

membrane.
Arranging this equation and substituting _Qps by its

expression Eq. (7):

d _Qss

dx
¼ �BsðpDmÞ

_Qss

Qsw
�

_Qfs

Qfw

 !
exp

Qpw

KDSa

� �
ð35Þ

A similar equation is obtained for the fiber side:

d _Qfs

dx
¼ BsðpDmÞ

_Qss

Qsw

�
_Qfs

Qfw

 !
exp

Qpw

KDSa

� �
ð36Þ

Finally, the mathematical model obtained is
composed of a set of four ordinary differential
equations. To determine the permeate flow rate at the
end of the module, the Eqs. (32), (33), (35), and (36)
must be integrated simultaneously.

dQsw

dx
¼ �Aw

qw
ðpDmÞ DP� j

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �� �
dQfw

dx
¼ Aw

qw
ðpDmÞ DP� j

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �� �
d _Qss

dx
¼ �Bs pDmð Þ _Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �
d _Qfs

dx
¼ BsðpDmÞs

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �

8>>>>>>><
>>>>>>>:

ð37Þ

2.2.2. Counter-current flow pattern

In this flow pattern, permeate and feed in fiber
and shell side, respectively, flow counter currently.
Proceeding in the same manner to that of the
co-current flow, we obtain similar equations:

dQsw

dx
¼ �Aw

qw
ðpDmÞ DP� j

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �� �
dQfw

dx
¼ �Aw

qw
ðpDmÞ DP� j

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �� �
d _Qss

dx
¼ �BsðpDmÞ _Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �
d _Qfs

dx
¼ �BsðpDmÞs

_Qss

Qsw
� _Qfs

Qfw

� �
exp

Qpw

KDSa

� �

8>>>>>>><
>>>>>>>:

ð38Þ

Membrane 
Shell side swQ

xΔ

x
dx
swdQ

swQ Δ

pwQ
fwQ

x
dx

fwdQ

fwQ Δ
Fiber side 

(a) Co-current 

Membrane 
Shell side swQ

xΔ

x
dx
swdQ

swQ Δ

pwQ
fwQ

x
dx

fwdQ

fwQ Δ −
Fiber side 

(b) Counter-current 

X (+) 

Fig. 1. Flow rate change across 4.
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These equations constitute the mathematical model
for a counter-current flow pattern.

2.3. Proportionality coefficient calculation

For low- and medium-concentration solutions,
osmotic pressure is expressed as linear relationship
with concentration (Eq. (3)). The proportionality
coefficient is calculated as follows [20]:

j ¼ nRT

M
ð39Þ

n is the number of particles. For sea water, majority
salt is NaCl (n= 2).

M is the molar mass of NaCl (M= 58.5 g/mol).
R is the gas constant.
j= 1.097755� 10+12m2/h2

2.4. Solvent permeability constant calculation

Solvent (water) permeability is deduced from the
solution-diffusion theory. It depends on the
membrane characteristics (type and thickness). Pres-
ence of salt has no effect [21].

Water permeability constant expression is given as
follows:

Aw ¼ DwCwmw
lRT

ð40Þ

Dw: solvent diffusion coefficient.
Cw: solvent mean concentration in membrane.
mw: solvent partial molar volume.
l: membrane thickness.
R: gas constante.
T: temperature.
Liquids diffusion coefficient is given by De

Stokes–Einstein formula [22,23]:

Dw ¼ kT

6al
ð41Þ

k: Boltzmann constant
a is water molecular radius, a= 1.35A [24].
l is the solution dynamic viscosity. It depends on

salinity and temperature. For a salinity of 39 g/l and a
temperature of 25˚C, dynamic viscosity is 0.9� 10�3

kg/ms [25].
We obtain a water permeability constant of

4.43882� 10�13 h/m.
Actual membranes have solvent (water) permeabil-

ity constant of between 4.16� 10�13 and 9.72� 10�13

h/m [23,26].

2.5. Solute permeability constant calculation

This value is given by manufacturer. It can be,
however, calculated from Eq. (10), by using the solute
rejection value which is a characteristic of the
membrane:

Bs ¼ AwðDP� DpÞð1� TRÞ
qwTR

ð42Þ

For a membrane with a rejection salt of 99.5%,
solute permeability constant is equal to 1.188896�
10�4m/h.

For aromatic polyamide membranes, solute
permeability constant is about 1.08� 10�4m/h [17].

3. Methods of resolution

The numerical resolution was achieved by the
orthogonal collocation on the finite elements methods
[7]. This method is used to resolve the split boundary
value problem. This choice is justified by the accuracy
and the stability if this technique.

The method of orthogonal collocation as described
by Villadsen and Michelsen [27] can lead to the
numerical resolution of many problems. However, it
does not prove very effective for certain cases where
the solution is very irregular. To avoid this problem,
it is necessary to take a very great order of approxi-
mation. It is a disadvantage which limits the applica-
tion fields of this technique. This is the reason why
the orthogonal collocation method is combined with
the finite element method.

In this work, the orthogonal collocation on the
finite element method as a numerical method to solve
the boundary value problems is chosen due to its
efficiency and robustness.

Tessendorf et al. [28] have used the orthogonal
collocation on finite element method to solve a set of
non-linear coupled differential equations. Gauss
method was used to solve the non-linear algebraic
equations system.

In our approach [7], an iterative technique was
developed to uncouple and linearize the system of the
differential equations. The non-linear coupled system
is thus transformed to an uncoupled linear system.
This linearization allows more stability. The numerical
resolution of the proposed mathematical model using
this procedure has led to results with high precision
(check of material balance with high precision).

Our technique consists in giving an initial profile
of solution for each equation which verifies the
boundary conditions y

ð1Þ
1 ; y

ð2Þ
2 ; y

ð3Þ
3 ; y

ð4Þ
4 .

The iterative procedure can be written as follows:

B. Absar and O. Belhamiti / Desalination and Water Treatment 51 (2013) 5942–5953 5947



dy
ðkþ1Þ
1

dx
¼ f1ðx; yðkÞ1 ; yðkÞ2 ; yðkÞ3 ; yðkÞ4 Þ

dy
ðkþ1Þ
2

dx
¼ f2ðx; yðkþ1Þ

1 ; yðkÞ2 ; yðkÞ3 ; yðkÞ4 Þ
dy

ðkþ1Þ
3

dx
¼ f3ðx; yðkþ1Þ

1 ; yðkþ1Þ
2 ; yðkÞ3 ; yðkÞ4 Þ

dy
ðkþ1Þ
4

dx
¼ f4ðx; yðkþ1Þ

1 ; yðkþ1Þ
2 ; yðkþ1Þ

3 ; yðkÞ4 Þ

8>>>>>><
>>>>>>:

ð43Þ

where y
ðkþ1Þ
i and y

ðkÞ
i are the approximations of the

solution yi at the current and the precedent iteration,
respectively (Fig. 2).

At each iteration, the orthogonal collocation on the
finite element method is applied to each linear differ-
ential equation. Thereafter, we can calculate the
uncoupling error by using the following formula:

Error ¼ Max kyðkþ1Þ
1 � yðkÞ1 k2; kyðkþ1Þ

2 � yðkÞ2 k2; kyðkþ1Þ
3

�
�yðkÞ3 k2; kyðkþ1Þ

4 � yðkÞ4 k2
�

ð44Þ

where k � k2 is the Euclidean norm.
This procedure gives the solution of the problem,

when the error is under a given small epsilon (e �
1.0e�10).

To explain the procedure, we consider the below
differential equation in the domain:

y0ðxÞ þ aðxÞyðxÞ ¼ fðxÞ ð45Þ

The domain X is divided into n elements. After
that, the orthogonal collocation is applied in each

element ðXðiÞÞi¼1...n: (Fig. 3(a)).

For the choice of the internal collocation points, we
use the roots of the Jacobi orthogonal polynomials of
degree N defined in the domain [01].

Jða;bÞN ðxÞ ¼
XN
i¼0

ð�1ÞN�icN;ix
i ð46Þ

where

cN;i ¼
N � iþ 1

i

N � iþ aþ b
iþ b

cN;i�1 ð47Þ

with cN;0 ¼ 1.
a and b are the polynomial characteristic

parameters.The elementary solution of Eq. (36) in the
ith element is given by:

yðiÞðxÞ ¼
Xncþ1

j¼0

yðiÞj ljðxÞ ð48Þ

where nc is the number of internal collocation points
and lj(x) is the jth degree Lagrange polynomials.Sub-
stitution of Eq. (46) into Eq. (45) generates residual R
(x):

RðxÞ ¼ dyðiÞðxÞ
dx

þ aðxÞyðiÞðxÞ � fðxÞ ð49Þ

The weighted functions wJ are then used to reduce
the residual to a minimum value, for j = 0 … nc+ 1:

wjðxÞ ¼
1 for x ¼ xcj
0 for x–xcj

�
ð50Þ

and

Z x
ðiÞ
ncþ1

x
ðiÞ
o

RðxÞwjðxÞdx ¼ 0 ð51Þ

Consequently:

Rðxcj Þ ¼ 0 ð52Þ

Substituting the expressions of dyðiÞ

dx ðxcj Þ and yðiÞðxcj Þ
in Eq. (44) leads to a linear system with (nc+ 2)
equations and (nc+ 2) unknowns.

MðiÞyðiÞ ¼ bðiÞ ð53Þ
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Model 2 "co-current"
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Fig. 3. Permeate flow rate vs. pressure.

Fig. 2. Finite elements collocation discretizing.

5948 B. Absar and O. Belhamiti / Desalination and Water Treatment 51 (2013) 5942–5953



MðiÞ and bðiÞ are the elementary matrix and its second

member in the ith element XðiÞBy applying the same

procedure to each elementðXðiÞÞi¼1;...;n, n systems of

algebraic linear equations are obtained. These linear
systems are assembled into a global system expressed
as follows:

MGy ¼ bG ð54Þ

where MG and bG are the global matrix and its second
member. The vector y represents the global solution of
Eq. (38) on X.

4. Model verification and computer simulation

Mathematical models developed above are used to
simulate the operation of the reverse osmosis
desalination unit of Bousfer in the west of Algeria.

Inaugurated on 18 July 2005, the sea water
desalination plant of Bousfer was constructed jointly
by the economic public entreprise and the water treat-
ment Spanish company of S.E.T.A “Sociedad Española
de Tratamiento de Agua.” This plant has a total
capacity of 5,000m3/d which consists of two lines of
production.

The table below summarizes specifications of a line
of production (Table 1).

The measured variables used to control the process
and technical specifications of the measuring
apparatus are described in Table 2.

4.1. Simulation without concentration polarization

By neglecting the concentration polarization
phenomenon, we assume that the salt concentration
profile in the feed side does not change, and thus, the

Table 1
Technical and membrane specifications of a line of production

Technical specifications Membrane specification

Production capacity 2,500m3/d Length 1,000mm

Hourly flow production 104.17m3/h Membrane diameter 200mm

Hourly flow feed 260 m3/h Membrane surface 37.16m2

Pressure 69 bars Nominal rejection 99.80%

Recovery 40% Minimal rejection 99.70%

Feed water specifications Treated water specifications

pH 8.1 pH 6.5–7.5

Na+ 12,179mg/l Na+ <175mg/l

Mg++ 1,387mg/l Mg++ <30mg/l

Ca+ 499mg/l Ca+ <10mg/l

HCO�
3 158mg/l HCO�

3 <30mg/l

Cl� 21,555mg/l Cl� <250mg/l

SO�
4 3,200mg/l SO�

4 <40mg/l

Total salinity 39,355mg/l Total salinity <39,355mg/l

Table 2
Technical specifications of measuring apparatus

Measured variables Instruments Precision Range of measurement

Conductivity
resistivity total
dissolved solid

Conductivity,
resistivity, salinity
transmitter

±2% of reading value 0.01–400,000lS/cm 10kX/cm–
100MX/cm 0.023–200 000 ppm

Flow rate Flow transmitter ±0.5% of reading at 25˚C thermal
sensitivity shift: ±0.005% of reading
per ˚C

Not specified

Pressure Diaphragm pressure
gauge

Accuracy class 1.6 at 20˚C thermal
sensitivity shift:±0.8%/10K of full scale
value

0–100 bar

pH/ORP “oxidation
reduction
potential”

pH/ORP transmitter ±0.03 pH ±2mV ORP 0–14 pH �1,000 to + 2000mV
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gradient of the solute concentration can be s expressed
as: DC ¼ CF � CP.

First, a simulation was run without taking into
account this phenomenon. The obtained results are
summarized in Table 3.

The real parameters are directly read from the
measuring devices (flow meter, barometer, and
conductivity meter).

Differences with design parameters and real
parameter express the relative deviations with simula-
tion values.

The first observation is that the simulation results
are closer to the real values than those of design. The
results obtained by simulation with the first mathemati-
cal model show significant deviations. These differences
are more significant compared with the real values.

The second mathematical model gives results
better than those of the first model. The deviations are
in an acceptable range. They are comprised between
1.51 and 8.89% for the co-current, and between 1.87
and 8.89% the counter-current flow pattern. These
differences are small compared with the real values.

The second mathematical model is more adequate
to describe the operation of a reverse osmosis module
in the absence of the concentration polarization
phenomenon. The flow direction has less when this
phenomenon is neglected. Indeed, the obtained results
with the two flow patterns (co-current and counter-
current) are very close.

4.2. Simulation with concentration polarization

A second simulation was run to study the effect of
the concentration polarization phenomenon. The
results obtained are summarized in Table 4.

The second simulation results are closer to the
design and the real parameters than those of the first
model, and this for both models.

For the first model, the fact of taking into account
the polarization concentration phenomenon reduces
the differences between the simulation values and
those of the real and the design ones.

The results simulation obtained with the second
model with his two variants are closer to the real and
design parameters. The deviations are less important.

The general observation is that the fact of taking
into consideration the concentration polarization
phenomenon allows for more accurate values.

We observe also that the results of simulation with
the co-current flow pattern are closer. Indeed, this is
the flow pattern used in the sea water desalination
plant of Bousfer.

The values obtained by simulation show also the
importance of the counter-current flow. According to
these results, the permeate flow is more significant:
25.56m3/h for the counter-current and 24.79m3/h for
the co-current. There is a difference of 0.77m3/h. This
report confirms the results obtained by the study
made by Absar et al. [7].

4.3. Study of pressure and flow pattern effects

This study is carried out on both mathematical
models. It allows us to follow the changes in principal
parameters (permeate and retentate) as a function of
pressure.

Fig. 3 shows the permeate flow rate variation with
applied pressure. The results obtained with the two
models are in agreement with the membrane transport
solution-diffusion theory which states that the solvent

Table 3
Comparison between simulations results, design, and real parameters (without concentration polarization)

Developed mathematical models Permeate Retentate

Flow rate
(m3/h)

Concentration
(g/l)

Flow rate
(m3/h)

Concentration
(g/l)

Design parameters 26.40 0.45 40.10 64.40

Real parameters 24,80 0,50 41.70 61.89

Model 1 Results 37.40 0.26 29.10 88.79

Difference with design parameters 41.67% 42.22% 27.43% 37.87%

Difference with real parameters 50.81% 48.00% 30.22% 43.46%

Model 2 co-current Results 25.43 0.49 41.07 62.84

Difference with design parameters 3.67% 8.89% 2.42% 2.42%

Difference with real parameters 2.54% 2.00% 1.51% 1.53%

Model 2 counter-current Results 25.65 0.49 40.85 63.18

Difference with design parameters 2.84% 8.89% 1.87% 1.89%

Difference with real parameters 3.43% 2.00% 2.04% 2.08%
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flow rate through the membrane is linearly propor-
tional to the effective pressure difference across the
membrane (Eq. (1)) [29]. This linear dependency is
well observed in the first model which is a direct
application of this theory.

However, for the second model, the increase is
gradual at higher pressure. This non-linear behavior is
explained by the fact that the solvent flux does not
increase without limit and must reach a finite value as
the applied pressure becomes very large [30,31]. This
non-linearity is a result of salt accumulation at the
membrane surface which leads to an increase in the
osmotic pressure. The effective driving force is then
reduced and also the permeate flux.

In Fig. 4, the permeate concentration is plotted vs.
pressure. The obtained results show a decrease in per-
meates solute concentration with increase in applied
pressure. As shown in Eq. (6), the flux of solute

through the membrane is proportional to the gradient
of the solute concentration and remains fairly constant
over the range of the applied pressure [29]. Thus,
more solvent passes through the membrane relative to
solute, as pressure increases, leading to a decrease in
permeate solute concentration. It can be seen that sol-
ute concentration, in the case of the first model, is less
important as the applied pressure increases. This is
due to the rise of solvent flow rate as shown in Fig. 3.

Figs. 5 and 6 show the retentate flow rate and con-
centration as a function of pressure.

As observed previously, results obtained for both
mathematical models are very close. However, a
deviation between these values appears at a pressure
of 55 bars. It becomes more important for higher
pressure values.

The Retentate flow rate and solute concentration
are related to the permeate ones by the mass balance

Table 4
Comparison between simulations results, design, and real parameters (with concentration polarization)

Developed mathematical models Permeate Retentate

Flow rate
(m3/h)

Concentration
(g/l)

Flow rate
(m3/h)

Concentration
(g/l)

Design parameters 26.40 0.40 40.10 64.40

Real parameters 24.80 0.50 41.70 61.89

Model 1 Results 28.78 0.41 37.72 68.44

Difference with design parameters 9.02% 2.50% 5.94% 6.27%

Difference with real parameters 16.05% 18.00% 9.54% 10.58%

Model 2 co-current Results 24.79 0.51 41.71 61.89

Difference with design parameters 6.10% 27.50% 4.01% 3.90%

Difference with real parameters 0.04% 2.00% 0.02% 0.00%

Model 2 counter-current Results 25.56 0.50 40.94 63.04

Difference with design parameters 3.18% 25.00% 2.09% 2.11%

Difference with real parameters 3.06% 0.00% 1.82% 1.86%
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equations. These results are a means to check the
accuracy of water and salt mass balance.

5. Conclusion

In this study, two mathematical models are devel-
oped to describe the operation of a reverse osmosis
desalination unit. These models take into account the
concentration polarization phenomenon and propose
two modes of circulations: the co-current and the
counter-current.

To resolve the split boundary value problem
encountered in the second mathematical model, a
numerical technique was developed. It consists in
combining the advantages of the orthogonal colloca-
tion and the finite elements methods. The obtained
results are of high precision.

The simulation results obtained from both models
are in agreement with the real case of reverse osmosis
desalination plant of Bousfer.

Some of the conclusions related with system
simulation can be summarized as follows:

• The first mathematical model gives good results
only when the concentration polarization phenome-
non is taken into account. Otherwise, the results
obtained may show significant deviations.

• The second mathematical model with co-current
and counter-current mode variants gives good
results in both cases, with or without concentration
polarization phenomenon.

• The values obtained by simulation show also the
importance of the counter-current flow. A permeate
quantity of 0.77m3/h can be recovered (18.48m3

per day).

Symbols

Aw — water permeability constant, h/m

Bs — solute permeability coefficient, m/h

bðiÞ — second member of the elementary matrix in
the ith element rOmega6ðiÞ

bG — second member of the global matrix

C — concentration kg/m3

D — mean diameter, m

Dm — mean diameter, m

Js — solute mass flux, kg/m2

Jw — solvent mass flux, kg/m h

Js — Jacobi polynomial of degree N

Jvw — solvent volumetric flux, m3/m2 h

lj(x) — Lagrangian interpolation polynomial,

M — molar mass, g/mol

MðiÞ — elementary matrix in the ith element XðiÞ

MG — global matrix in the domain X

nc — number of internal collocation points,

DP — transmembrane pressure, kg/m h

Q — volumetric flow rate, m3/h
_Q — mass flow rate, kg/h

R — gas constant, J/mol K

R(x) — residual

Sa — membrane surface, m2

T — temperature, K

t — time, h

TR — solution rejection

V — volume, m3

Dx — elemental section length, m

y
ðkÞ
i

— approximation of the solution yi at the kth
iteration

Greek letters

a — polynomial characteristic parameter

b — polynomial characteristic parameters

jqw — proportionality coefficient, m2/h2

l — dynamic viscosity, kg/s m

Dp — osmotic pressure difference, kg/m h2

qw — water density, kg/m3

Subscripts

B — brine

i — inner

F — feed side

f — fiber side

o — outer

P — permeate side

pavg — product average concentration

R — retentate

s — shell side

w — water
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Fig. 6. Retentate concentration versus pressure.
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