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ABSTRACT

This work presents an algorithm for solving the large system of non-linear equations
describing the steady state model of the two main layouts for the MSF process (the multi-
stage flashing with brine recirculation and the once-through multistage flash desalination
(MSF-OT)). The model accounts for the geometry of the stage, the mechanism of heat trans-
fer, and the variation of the thermophysical properties of various fluids with temperature
and salinity. In addition, the overall heat transfer coefficient was evaluated at each stage
using convective heat transfer coefficient for internal and external flows, tube thermal
conductivity and fouling resistance. Furthermore, the model takes into consideration the
dependence of thermodynamic losses on stream flow rate, temperature, and the brine
salinity. The system of equations was solved through an iterative procedure by using Solver
Optimization Tool of MATLAB software. For each stage, the developed model was then used
for evaluating the temperatures of the brine, distillate and cooling brine, the flow rates of
brine outlet, distillate production, and steam heating. Finally, the resolution method was
validated against the simulation results reported in the literature and the actual plant data at
MSF-OT installation in Doha, Kuwait. The agreement was found to be good.
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1. Introduction

Water plays a central and vital role in all aspects
of life. It is especially important for agricultural and
industrial development. Unfortunately, freshwater is
not available everywhere in the world. Moreover,
global water shortages will become so catastrophic
over the next 25 years that two in three people on the

planet will face regular depletion of water supplies
[1]. As we find 97% of all water in oceans, industrial
desalination of sea water is becoming, in some coun-
tries, the main source of freshwater. Indeed, large
numbers of desalination plants have been installed in
the world.

Multistage flash (MSF) desalination process (Figs. 1
and 2) is the largest sector in the desalination
industry. It accounts for more than 40% of the entire
desalination market [2], and therefore, in some*Corresponding author.
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countries, it became the main source of freshwater for
domestic, industrial, and agriculture consumption.

A lot of efforts have been made to enhance the
operation of the MSF plants in the most efficient man-
ner possible and therefore reduce the cost of water
produced from such plants. Part of this is achieved by
mathematical modeling which provides an inexpen-
sive tool for finding the relationships among the vari-
ous designs and operating parameters of the plants
and therefore good understanding of the process.

Mathematical modeling of the MSF process is
developed using the basic laws of thermodynamics
[1–12]. Models can range from simple steady-state
models with constant stream thermophysical proper-
ties [3,4,6,8] to rigorous models which consider prop-
erties’ variations and losses [9–11]. The steady-state
simulation of the MSF desalination process is based
on the resolution of a large system of algebraic and
nonlinear equations resulting from the mathematical
modeling.

The main purpose of this paper is to present an
algorithm for solving the system of equations describ-
ing a rigorous steady-state mathematical model for
MSF-BR and MSF-OT desalination processes. The sys-
tem will be solved through an iterative procedure by
using the function fsolve of MATLAB software. The
results will be checked and verified against actual

plant data and previous simulation data given by
Rosso et al. [3].

The next sections include a brief description of the
MSF-OT process and the MSF-BR process, mathemati-
cal model and its solution, and finally comparison
against actual and simulated data given in the
literature.

2. Process description

There are two main layouts for the MSF process.
The first is the once-through system (MSF-OT)
and the second is the brine recirculation system (MSF-
BR). The brine recirculation system is to be found on
a larger scale than the once-through system [12].
Fig. 1 shows a schematic diagram for the MSF-OT
process. As is shown, the system includes a number
of flashing stages, and the brine heater. The flashing
stage, shown in Fig. 3, consists of brine pool, vapor
space, demister, condenser tubes, freshwater collecting
tray, and inlet/outlet brine orifices. The intake sea
water, Mf, passes through a series of heat exchangers;
its temperature rises as it proceeds to the heat input
section of the plant. Passing through the brine heater,
the brine temperature is raised to its maximum value
Tb0 (also known as Top Brine Temperature, TBT). The
brine then enters the first stage through an orifice thus
reducing the pressure. As the brine was already at its
saturation temperature for a higher pressure, it will
become superheated and flashes to give off water
vapor. This vapor passes through a wire demister to
remove any entrained brine droplets, and on heat
exchanger, where it releases its latent heat and con-
denses. The condensed vapor accumulates in the dis-
tillate tray located below the tube bundle. The process
is then repeated all the way down the plant as both
brine and distillate enter the next stage which is at a
lower pressure.
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Fig. 1. Schema of once-through multistage flash
desalination process (MSF-OT).
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Fig. 2. Schema of brine recirculation multistage flash desalination process (MSF-BR).
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The brine recirculation system (MSF-BR) is shown
in Fig. 2. As shown, the flashing stages are grouped in
two sections, i.e. the heat recovery section and heat
rejection section. The heat recovery section is identical
to the flashing stages of the MSF-OT system. In the
MSF-BR system, the feed to the plant, (Mf +Mcw),
passes first through the heat rejection section which
usually contains only two to three stages, and whose
function is to reject the excess of heat added to the
system in the brine heater and to cool the distillate
product and the brine to the lowest possible tempera-
ture as they emerge from the last rejection stage. On
leaving the first rejection stage, the feed stream is split
into two parts, reject seawater Mcw, which passes back
to the sea and a make-up stream Mf. Several pretreat-
ments including deaeration, antifoam, and antiscalent
additions must be applied to this stream before being
combined with the recycle stream MR. The combined
stream, (Mf +MR), now enters the heat recovery sec-
tion, where it will undergo the same transformations
described above in the case of the MSF-OT process. In
the last stage of the plant, concentrated brine is partly
discharged to the sea (Bd) and the remaining (MR) is
recycled as mentioned before.

3. Model equations

Many models have been developed to analyze the
MSF water desalination process. All of these models
are developed from the basic of mass balance, energy
balance, and heat transfer equations. The system
model can be simplified or made more complex
depending on the assumptions used to define the heat
transfer coefficient, thermodynamic losses, and physi-
cal properties. The mathematical model used in this
work is given by Abdel-Jabbar et al. [4] and is
supported by equations for calculating the thermal

and physical properties of sea water, brine, and
distillate water as function of temperature and salt
concentration.

The assumptions used to develop the mathematical
model are [4]:

• Steady state operation, which is the industry stan-
dard.

• The thermal and physical properties for feed sea
water, brine, and distillate product are functions of
temperature and salt concentration.

• The latent heat of formed/condensed vapur
depends on temperature.

• The overall heat transfer coefficients in the con-
densers depend on the following parameters:

(a) Flow rate of the condensing vapor.
(b) Flow rate of the brine inside the condenser tubes.
(c) Temperatures of the condensing vapor and the

brine.
(d) Physical proprieties of the condensing vapor

and the brine, which includes thermal conduc-
tivity, viscosity, density, and specific heat.

(e) The tube material, diameter, and wall thickness.
(f) The fouling resistance.

• Thermodynamic losses include the boiling point
elevation (BPE) and the nonequilibrium allowance
(NEA).

• Distillate product is salt free.
• No subcooling of condensate leaving the brine heater.
• Heat losses to the surroundings are negligible.
• The effect of noncondensable gases on heat transfer

is negligible.

The steady-state model equations are given in
Fig. 4 and are constituted of a set of mass and energy
balance equations that include the following:

• Material balance equation for each stage.
• Salt balance equation for each stage.
• Energy balance equations on flashing brine.
• Energy balance equations on feed sea water
• Flowing in condensers.
• Heat transfer equations.
• Brine heater model.
• Mixing and splitting equations.
• Overall material balance equations.

4. Thermophysical properties

The functions describing thermophysical pro-
prieties of the streams of the plant are very
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Fig. 3. Schema of the j-th stage of a MSF plant.
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complex and highly nonlinear. The relationships
used in this work and shown in the following

were reported by El-Dessoukey and Ettouney
[5].

Fig. 4. MSF process model.
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4.1. Sea water specific heat at constant pressure

Cp ¼ ðAþ BT þ CT2 þDT3Þ � 10�3

The variables A, B, C, and D are evaluated as a
function of the water salinity as follows:

A ¼ 4206:8� 6:6197X þ 1:2288� 10�2X2

B ¼ �1:1262þ 5:4178� 10�2X � 2:2719� 10�4X2

C ¼ 1:2026� 10�2 � 5:3566� 10�4X þ 1:8909� 10�6X2

D ¼ 6:8777� 10�7 þ 1:517� 10�6X � 4:4268� 10�9X2

where Cp in kJ/kg˚C, T in ˚C, and X is the water
salinity in g/kg. The above correlation is valid over
salinity and temperature ranges of 20,0006X6
160,000 ppm and 206T6 180˚C, respectively.

4.2. Sea water thermal conductivity

The sea water thermal conductivity is given by

Log10ðkÞ ¼ Log10ð240þ AXÞ þ 0:434 2:3� 343:5þ BX

T þ 273:15

� �

� 1� T þ 273:15

647:3þ CX

� �1=3

where k is the thermal conductivity in W/m˚C, X is
the salinity in g/kg, T is the temperature in ˚C. The
constants A, B, and C are equal to 2� 10�4, 3.7� 10�2,
and 3� 10�2, respectively. The above correlation is
valid over the following ranges, 06X6 160mg/kg
and 206T6 180˚C.

4.3. Sea water dynamic viscosity

The correlation for the dynamic viscosity of sea
water is given by

l ¼ ðlwÞðlRÞ � 10�3

with

LnðlWÞ ¼ �3:79418þ 604:129=ð139:18þ TÞ

lR ¼ 1þ AX þ BX2

A ¼ 1:474� 10�3 þ 1:5� 10�5T � 3:927� 10�8T2

B ¼ 1:0734� 10�5 � 8:5� 10�8T þ 2:23� 10�10T2

where l is the dynamic viscosity in kg/m.s, X is the
salinity in g/kg, and T is the temperature in ˚C. The
above correlation is valid over the following ranges,
06X6 130mg/kg and 106T6 180˚C

4.4. Condensate density

The density correlation for the condensate which is
considered as saturated liquid water is given by

q ¼ 1= Vc

Tc

T þ 273:15
� 1

� �
exp

X6
i¼1

fiðT þ 273:15Þi�1

 !( )

where Tc = 647.286K, Vc = 0.003172222m3/kg and the
values of fi are given in the following

f1 =�2.781015567; f2 = 0.002543267; f3 = 9.845047�
10�6; f4 = 3.636115� 10�9; f5 =�5.358938� 10�11; f6 =
7.019341� 10�14.

In the above equation, q is in kg/m3 and T is in
˚C.

4.5. Enthalpy of saturated water vapor

The correlation for the water vapor enthalpy is
given by

H ¼ 2501:689845þ 1:806916015T þ 5:087717

� 10�4T2 � 1:122� 10�5T3

where T is the saturation temperature in ˚C and H is
the vapor enthalpy in kJ/kg.
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4.6. Latent heat of water evaporation

k ¼ 2501:897149� 2:407064037T þ 1:192217� 10�3T2

where k in kJ/kg and T is the saturation temperature
in ˚C.

4.7. Boiling point elevation

The correlation for the BPE of sea water is given
by

BPE ¼ AX þ BX2 þ CX3

with

A ¼ ð8:325� 10�2 þ 1:883� 10�4T þ 4:02� 10�6T2Þ

B ¼ ð�7:625� 10�4 þ 9:02� 10�5T � 5:2� 10�7T2Þ

C ¼ ð1:522� 10�4 � 3� 10�6T � 3� 10�8T2Þ

where T is the temperature in ˚C and X is the salt
weight percentage. The above correlation is valid over
the following ranges, 16X6 16% and 106T6 180˚C.

4.8. Nonequilibrium allowance

The correlation for the NEA for the MSF system is
given by

NEA ¼ ðNEA10=ð0:5DT þNEA10ÞÞ0:3281Lð0:5DT þNEA10Þ

with

NEA10 ¼ ð0:9784ÞTið15:7378ÞHð1:3777ÞVb�10-6

where Ti is the stage temperature in ˚C, H is the
height of the brine pool in m, Vb is the brine flow rate
per unit length of the chamber width in kg/(m.s), and
DT is the stage temperature drop in ˚C.

5. Solution of the systems of equations

The mathematical models developed above consist
of two systems of algebraic and nonlinear equations.
The mathematical expressions describing the thermo-
physical properties of sea water, steam, condensate,
and brine solutions are the main contributors to the
complexity and non-linearity of the equations.

In this work, we consider performance calculation
for the MSF-BR process. Thus, Table 1, given by Helal
et al. [8], specifies parameters whose values must be
fixed. This parameters are the make-up mass flow rate
(Mf), the rejected sea water flow rate (Mcw), the
recycle stream mass flow rate (MR), and the steam
temperature (Ts). The other parameters considered as
unknowns of the system are the distillate flow rate
(Dj) formed in each stage j, the flashing brine mass
flow rate (Bj) leaving each stage j, the flashing brine
concentration (Xbj) at the exit of each stage j, the
flashing brine temperature (Tbj) at the exit of stage j,
the cooling water temperature (Tfj) at the exit of each
stage j, the steam flow rate (Ms), the distillate product

Table 1
Different specifications for the MSF-BR process flowsheet

Case N Variable specification Referred to as

1 MR, Mcw, Mf, and Ts Performance calculation

2 Md, Tb0, Mf, and Mcw Fixed product flow rate

3 Ms, Tb0, Mf, and
Mcw/MR

Fixed steam flow rate

In all cases, the feed temperature Tcw and concentration Xcw are

specified.
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flow rate (Md), the brine blow-down flow rate (Bd),
the top brine temperature (Tb0), and the temperature
and the salt concentration (Tf0, Xb0) of the cooling
brine entering the condenser of the last stage of the
heat recovery section.

In the case of the MSF-OT process, the parameters
whose values were specified are: the make-up mass
flow rate (Mf), the top brine temperature (Tb0), the feed
temperature (Tcw), and the seawater concentration
(Xcw). The other parameters considered as unknowns
of the system are the distillate flow rate (Dj) formed in
each stage j, the outlet brine mass flow rate (Bj), the

outlet brine salinity (Xbj), the stage temperature (Tbj),
the cooling water temperature (Tfj) at the exit of each
stage j, and the steam flow rate (Ms).

The systems of the nonlinear algebraic equations
describing the aforementioned mathematical models
are written in the form F(X) = 0, where X the vector of
the unknowns and F is the equations vector of the
mathematical model. In this work, the systems were
solved through an iterative procedure with using the
function “fsolve” with a Solver Optimization Tool of
MATLAB software. The algorithm used to solve the
systems was the trust-region-reflective algorithm. To

i = 2

Calculate the error : 

YES

Start

Define the values of input process parameters: 
Mcw, Mf, MR, Ac, Ar, Ah, n, Tcw, Ts, Xcw, doc, dic, dor, dir, doh, dih, ktc, ktr, kth, rfc, rfr, rfh, Lsc, 

Lsr, wsc, wsr, Hc, Hr

For each stage, initialize:
Latent heat ( vj, sj, cj), specific heat at constant pressure (Cpbj, Cpfj, Cdj), overall heat 

transfer coefficient (Ucj, Urj, Uh) and thermodynamic losses (NEAj, BPEj) 

For each stage, calculate:
Latent heat ( vj, sj, cj), specific heat at 
constant pressure (Cpbj, Cpfj, Cdj), overall 
heat transfer coefficient (Ucj, Urj, Uh) and 

thermodynamic losses (NEAj, BPEj) 
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(Dj)0=(Dj)i-1, (Bj)0=(Bj)i-1, (Xbj)0=(Xbj)i-1, 
(Tbj)0=(Tbj)i-1, (Tfj)0=(Tfj)i-1, (Ms)0=(Ms)i-1, 
(Md)0=(Md)i-1, (Bd)0=(Bd)i-1, (Tb0)0=(Tb0)i-1, 

(Tf0)0=(Tf0)i-1, (Xb0)0=(Xb0)i-1

Solve the system of nonlinear equations using fsolve. We obtain (Xj )i : 
 (Dj)i, (Bj)i, (Xbj)i, (Tbj)i, (Tfj)i, (Ms)i, (Md)i, (Bd)i, (Tb0)i, (Tf0)i, (Xb0)i 
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Dj, Bj, Xbj, Tbj, Tfj, Ms, Md, Bd, Tb0, Tf0, Xb0

Stop 

Solve the system of nonlinear equations using fsolve. We obtain (Xj)1: 
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Calculate initial guess (Xj)0 for the unknowns of the system:
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i = i+1

Fig. 8. Solution scheme for the MSF-BR mathematical model.
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enhance convergence by predicting a good initial
guesses, a simplified model given by El-Dessoukey
et al. [5] was first solved. This simplified model does
not need iterative solution and it is based on the fol-
lowing assumptions:

• Constant and equal specific heat for all liquid
streams, Cp.

• Equal temperature drop per stage for the flashing
brine.

• Equal temperature drop per stage for the feed brine.
• Constant and equal latent heat of vaporization in

all the stages.
• Constant equal thermodynamic losses in all the

stages.

The solution scheme of the system, in the case of
the MSF-BR process is shown in Fig. 8. The same
approach was adopted in the case of the MSF-OT
process.

6. Results and discussion

The adequacy of the resolution method used in
this work was tested by comparing the numerical sim-
ulation results with data reported by Rosso et al. [3]
in the case of the MSF-BR process, and with field data
for existing plant, reported by Al-Fulaij et al. [2] in the
case of the MSF-OT process.

The MSF-BR configuration considered in this work
includes 13 stages in the heat recovery section and 3
stages in the heat rejection section. The results
obtained by Rosso et al. [3] and this work are based
on the following input data:

• The condenser tubes of the heat recovery section
have an outside diameter (dco) of 24.4mm, inside
diameter (dci) of 22mm, and fouling inside factor
(rc) of 1.4� 10�4 (hm2K)/kcal. The material of the
tubes is (Cu/Ni 90/10).

• The condenser tubes of the heat rejection section
have an outside diameter (dro) of 25.4mm, inside
diameter (dri) of 23.9mm, and fouling inside factor
(rr) of 2.33� 10�5 (hm2K)/kcal. The material of the
tubes is (Cu/Ni 90/10).

• The brine heater tubes have an outside diameter
(dho) of 24.4mm, inside diameter (dhi) of 22mm,
and fouling inside factor (rh) of 1.86x10

�4 (hm2K)/
kcal. The material of the tubes is (Cu/Ni 70/30).

• The heat transfer area (Ac) of each stage of the heat
recovery section is equal to 3,995m2.

• The heat transfer area (Ar) of each stage of the heat
rejection section is equal to 3,530m2.

• The heat transfer area (Ah) of the brine heater is
equal to 3,530m2.

• Each stage of the heat recovery section has a length
(Lc) of 12.2m, a width (wc) of 12.2m, and a brine
pool height (Hc) of 0.457m.

Table 2
Parameters used in simulation of MSF-OT system

Parameter Value

Number of stages (n) 21

Stage width (Wst), m 17.66

Stage length (Lst) m 3.150

Stage height (Hst), m 4.521

Number of condenser tubes (Nt) 1,410

Condenser tubes outer diameter (ODt), m 0.0445

Condenser tubes inner diameter (IDt), m 0.04197

Brine level set point in the last stage
(Hst), m

0.668

Top brine temperature (TBT), ˚C 91

Intake sea water flow rate (Mf), kg/s 4,027

Intake sea water salinity (Ccw), ppm 40,000

Intake sea water temperature (Tcw), ˚C 37.7

Steam temperature (Tstm), ˚C 111
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• Each stage of the heat rejection section has a length
(Lr) of 10.7m, a width (wr) of 10.7m, and a brine
pool height (Hr) of 0.457m.

• The temperature (Tcw) and salt concentration (Xcw)
of the feed water are equal to 35˚C and 57 (% w),
respectively.

• Temperature (Ts) of motive steam is equal to 97˚C.
• The sea water mass flow rate (Mf +Mcw) is equal to

11.31� 106 kg/h.

• The rejected sea water mass flow rate (Mcw) is
equal to 5.62� 106 kg/h.

• The recycle stream mass flow rate (MR) is equal to
6.35� 106 kg/h.

The parameters used in the simulation of the MSF-
OT system are shown in Table 2. The configuration
refers to data of real plant including 21 stages [2].

Figs. 9–12 illustrate the comparison between the
simulation results and data given by Rosso et al. [3] in
the case of the MSF-BR process. As shown in the Fig-
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Table 3
Maximum difference between simulation results and
Rosso et al.’s data

Parameter Maximum
difference (%)

Brine mass flow rate (Bj) 0.36

Salinity in the flashing brine (Xbj) 1.35

Temperature of cooling brine leaving
stage j (Tfj)

1.89

Temperature of flashing brine leaving
stage j (Tbj)

1.84

Steam mass flow rate (Ms) 3.31

Top brine temperature (Tb0) 2.08
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Fig. 13. Comparison of calculated brine mass flow rate and
MSF-OT plant data.
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Fig. 14. Comparison of calculated outlet brine salinity and
MSF-OT plant data.
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Fig. 15. Comparison of calculated temperature of flashing
brine and MSF-OT plant data.
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ures, there is a good agreement between the two
results. Table 3. shows the maximum difference found
between the two results. The slight differences are
due to the use of different correlations for thermal
and physical properties of various fluids.

The adequacy of the resolution algorithm in the
case of the MSF-OT process was tested by comparing
the simulation results with real plant data from Doha,
Kuwait [2]. The comparison includes variation in the
flow rate (Bj), salinity (Xbj), and the temperature pro-
files (Tbj) of the brine stream across the stages. As
shown in Figs. 13–15, there is excellent agreement
between the real and calculated data. Indeed, the rela-
tive error did not exceed 0.21% for the brine flow rate,
0.2% for the brine salinity, and 1.3% for the stage
temperature.

7. Conclusions

This study presents an algorithm for solving the
large system of algebraic and non-linear equations
describing the steady-state model of two MSF plant
configurations frequently used in the desalination
industry: the MSF-BR and the MSF-OT desalination
processes. The systems of equations were solved
through an iterative procedure by using the function
fsolve of MATLAB software. The proposed algorithm
was validated by using data from previous simulation
results that appeared in the literature as well as data
obtained from a real MSF plant in operation. The vali-
dation results showed good agreement between the
two results since the difference found did not exceed
3.31% in the case of a 16-stage MSF-BR plant and
1.3% in the case of a 21-stage MSF-OT plant.

Symbols

A — heat transfer area, m2

Bd — blow-down mass flow rate, kg/s

B — flashing brine mass flow rate leaving stage j,
kg/s

BPE — boiling point elevation, ˚C

Cp — specific heat at constant pressure, kJ/kgK

C1 — correction factor for the number of tubes in
vertical direction

D — distillate formed in each flashing stage, kg/s

di — inner tube diameter, m

do — outer tube diameter, m

H — height, m

hi — internal heat transfer coefficient, kW/m2 ˚C

ho — external heat transfer coefficient, kW/m2 ˚C

k — thermal conductivity, kW/m ˚C

L — length, m

LMTD — logarithmic mean temperature difference, ˚C

M — mass flow rate, kg/s

n — number of stages of the heat recovery section

N — number of tubes in vertical direction in the
tube bundle,

NEA — nonequilibrium allowance, ˚C

Pr — Prandtl number

PR — thermal performance ratio

Re — Reynolds number

rfi — thermal resistance of the scale on the inside
of the tubes, m2K/W

rfo — thermal resistance of the scale on the outer
surface of the tubes, m2K/W

T — temperature, ˚C

Tb0 — top brine temperature, ˚C

U — overall heat transfer coefficient, W/m2˚K

w — width, m

X — water salinity, ppm

Greek

k — latent heat, kJ/kg

l — viscosity, kg/ms

q — density, kg/m3

Subscripts

b — brine

c — recovery section

cw — cooling water

d — distillate product

f — feed stream

h — brine heater

j — stage index

l — liquid

n — last stage of the heat recovery section

r — rejection section

R — brine recycle

s — heating steam

t — tube

v — vapor
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