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A B S T R A C T

The negative effect of the concentration polarization layer on the membrane separation is well
known. How the mass transport parameters of the membrane matrix, e.g. the solubility coefficient,
membrane diffusion coefficient, membrane thickness, can affect the concentration profile of the
boundary layer, and consequently, the separation efficiency is not investigated in detail yet. This
article gives the suitable mathematical expressions, in order to predict the well known parameters
as polarization modulus, enrichment factors, etc., taking into account the transport parameters
for both the concentration boundary and the membrane layers, and analysis the concentration dis-
tribution and the polarization modulus. It has been shown that the transport properties of the
membrane layer have significant effect on the concentration profiles of the boundary layer and
thus, on the polarization modulus, enrichment factors, etc., as well. Thus, the well known equa-
tions, e.g. the polarization modulus, enrichment factor [see e.g. Eqs. (2) and (3)], could be regarded
as approaches.
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1. Introduction

The negative effect of the stagnant concentration
boundary layer on the mass transport through a mem-
brane has been investigated for a long time. It was
proved that this layer can be a major limiting factor
in various membrane separation processes [1]. Two
main types of the concentration polarization layers can
be distinguished, namely the membrane separation can
lead to an accumulation of the retained species (Fig. 1,
continuous line) or a depletion of the preferentially
permeating components in the boundary layer due to
its permeation through the membrane, adjacent to it
(Fig. 1, dotted line). The polarization can essentially

reduce the overall efficiency of the membrane separa-
tion, it can severely limit flux and selectivity. Number
of paper analyzed the effect of concentration polariza-
tion and defined the well known equation to its predic-
tion [e.g. 1–8]. Almost all earlier studies [1–2] consider
the mass transport equations in the boundary layer,
only, defining its Peclet number [PeL ¼ �d/D, see e.g.
Eq. (1)], but do not discuss that in the membrane layer
and its effect back to the concentration polarization
layer and on the membrane separation. The membrane
layer is regarded as a black box. As a consequence the
important parameters as concentration polarization
modulus, I, enrichment factor, E, intrinsic enrichment,
Eo, etc. can not be calculated directly from the mass
transport parameters. These parameters should be
expressed by more general equation which involves*Corresponding author
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not only the PeL but also the membrane mass transport
parameters as Dm and dm, Hm, as well.

For example, the concentration modulus is given as
a function of PeL (Eq. (1)) or the enrichment factor
(Eq. (2)) also as a function of PeL and the intrinsic
enrichment, Eo [2–4]. This last parameter (Eo ¼ Cp/
C*) is also an unknown parameter.

C� � Cp

Cb � Cp

� 1=Eo � 1

1=E � 1
¼ exp

�d
D

� �
� exp PeLð Þ ð1Þ

I � C�

Cb

� E

Eo

¼ exp PeLð Þ
1þ Eo exp PeLð Þ � 1½ � ð2Þ

The question is how enrichment factor and/or the
intrinsic enrichment, the polarization modulus can be
directly predicted by means of the two layer’s trans-
port parameters as bm (bm ¼ Dm/dm), b (b ¼ D/d) and
PeL (PeL¼ �/b). This article gives general equations for
calculation of these parameters which equations make
then possible the direct calculation of the polarization
modulus and the enrichment factor, etc.

The mass transfer rate for the boundary layer,
solving Eq. (1) with suitable boundary conditions (at
Y ¼ 0 C ¼ Cb, at Y � y/d ¼ 1 then C ¼ C*) can be given
as follows:

C ¼ Cb � Cp

� �
ePeLY þ Cp 0 � Y � 1 ð3Þ

Pressure-driven membrane process as ultrafiltra-
tion is widely used for separation of macromolecules

or colloidal particles from liquid. In this case when the
permeate flux are larger than the diffusive flux in
reversed direction (continuous line Fig. 1 in the bound-
ary layer) the macromolecules starts to deposit on the
membrane surface building a cake (gel) layer on it. In
this article the fouling will not be discussed.

2. Theory

Let us look here at the pervaporation process. At
steady state, the sum of the convective and diffusive
flows, in the boundary layer equals the amount perme-
ated through the membrane [3,4,8]:

�C � D
dC

dy
¼ �Cp ð4Þ

where � is the convective velocity, D is the diffusion
coefficient, Cp is the condensed, liquid permeate con-
centration. Eq. (4) is valid for both the increasing
(dC/dy > 0, Fig. 1, continuous line) and decreasing
concentration (dC/dy < 0, Fig. 1, dotted line) in the con-
centration boundary layer. Eq. (4) defines the overall
mass transfer rate (the sum of the diffusion flow and
the convective one in the left hand side of the equation)
in the boundary layer and that on the permeate side of
the membrane. We look for a general solution of the
problem that involves Eq. (3) as well and also contains
the case when there is a flowing phase on the permeate
side of the membrane (for instance, this is the case of
the sweep gas pervaporation). It was assumed in our
models that only diffusive flow exists in the membrane
phase, as this is the case for pervaporation process.

The following second order differential mass bal-
ance equations can be given for the concentration
boundary layer and the membrane layer:

�
dCL

dy
� DL

d2CL

dy2
¼ 0 ð5aÞ

Dm

d2Cm

dy2
¼ 0 ð5bÞ

where indices L, m denote the boundary layer and
membrane matrix, respectively. The case when there
is a convective flow in the membrane layer (e.g. mem-
brane reactors) was discussed by Nagy and Borbély [7].

2.1. Solution by literature boundary conditions of
pervaporation (Model A)

After integration of Eqs. (5a) and (5b), the concen-
tration distribution of the boundary layer and the

Fig. 1. Concentration profiles in the concentration boundary
layer and membrane layer.
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membrane layer layers can be given, respectively, as
follows:

CL ¼ TLePeLy þ QL 0 � y � d ð6Þ

Cm ¼ Tmyþ Qm d � y � dþ dm ð7Þ

The well known boundary conditions with dimen-
sionless space coordinates (Y ¼ y/d) to determine the
values of TL, QL, Tm, Qm parameters are as follows:

TL þ QL ¼ Cb Y ¼ 0 ð8Þ

�QL ¼ �
Dm

dm

Tm Y ¼ 1 ð9Þ

Hm TLePeL þ QL

� �
¼ Tm þ Qm Y ¼ 1 ð10Þ

�Dm

dm

Tm ¼ �Cp Y ¼ 1þ dm=d ð11Þ

where PeL ¼ �d/DL

The value of �QL, in Eq. (4), is equal to that of the left
hand side of Eq. (4). The last boundary condition, Eq.
(11), defines that the outlet mass transfer rate and the
membrane diffusion mass transfer rate should be equal
to each other. Thus, the concentration on the interface
of the permeate side is not defined, its value cannot
be directly obtained by means of the above boundary
conditions. In principle, its value should be equal to
Cp, since concentration jump is not assumed on the out-
let membrane interface. The values of �QL in Eq. (9),
gives the overall mass transfer rate (the sum of the dif-
fusive and convective flow) in the boundary layer,
while Hm denotes the solubility of the transported com-
pound in the membrane layer. If the solubility is negli-
gible then the value of Hm should be equal to unit. The
concentration distribution in both the boundary layer
(Eq. (3)) and membrane layer (Eq. (12)) can easily be
obtained by the use of Eqs. (6)–(11).

Cm ¼
�dm

Dm

1� Yð ÞCp þ Hm Cb � Cp

� �
ePeL

þ HmCp 1 � Y � 1þ dm=d
ð12Þ

2.2. A general solution of the concentration
distribution (Model B)

The boundary conditions of the ‘‘general’’ solution
do not involve the transfer rate at Y ¼ 1þdm/d but
defines the equality of the membrane and liquid
concentration on the membrane interface, namely

Tm 1þ dm

d

� �
þ Qm ¼ HmCp ð13Þ

That means that the outlet concentration can be
chosen freely. This can be the case of pervaporation
applying sweep gas on the permeate side. By means
of the sweep gas flow rate the outlet concentration,
Cp, can be affected. Other important thing regarding
the boundary condition of Eq. (13) is that the diffusive
mass transfer resistance is neglected. This is mostly
true due to the high diffusion coefficient of the vapor
component. In this case, the boundary conditions used
to the solution of Eqs. (6) and (7) differ from that of the
literature solution (Eq. (8)–(11)) only by the fourth one,
namely Eq. (13) is applied instead of Eq. (11). The para-
meter values (TL, QL, Tm, Qm) obtained for that case are
listed in the Appendix.

3. Results and discussion

The concentration profiles obtained by the two
models, namely the literature model (Model A) and the
general one (Model B), are illustrated with Figs. 2 and 3.
The essential difference between the results obtained is
that in the case of Model A the Cp values are different
from that of the C�out (it can easily be seen from Fig. 2;
C�outdenotes here the concentration of the transported
component on the permeate side’s interface of the
membrane layer), while in the case of Model B it is
obvious that C�out ¼ HmCp according to Eq. (13). The
only exception is the curves obtained at Cp/Cb ¼
0.214 (continuous lines in Figs. 2 and 3), where
C�out ¼ HmCp is also valid in the case of the Model A,
as well. In principle, this value of Cp can be regarded
as true solution, all other not. In this case, both
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Fig. 2. Concentration profiles in the two layers applying the
literature model (Model A), at different values of Cp. (Dm ¼
1 � 10�9 m2/s; DL ¼ 1 � 10�8 m2/s; � ¼ �m ¼ 1 � 10�4 m;
Hm ¼ 1, PeL ¼ 1).
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models fulfill the boundary conditions given by
Eqs. (11) and (13).

In Model A (Fig. 2), the permeate mass transfer rate
is defined as boundary condition (Eq. (11)), thus, the
concentration of C�out sharply decreases with the
increase of Cp. Namely, the increasing value of Cp

means increasing convective mass transfer rate and
consequently, increasing diffusive transfer rate in the
membrane matrix. This needs higher slop in the con-
centration distribution. Thus, for example at Cp/Cb ¼
0.5, the concentration in the membrane quickly reduces
below zero. In Model B (Fig. 3), however, the C�out outlet
concentration is equal to Cp but the mass transfer rate
does not fulfill the condition given by Eq. (11).

From Eq. (12), the outlet concentration, on the mem-
brane interface at the permeate side, can be given as:

C�out ¼ �
�dm

Dm

dm

d
Cp þ Hm Cb � Cp

� �
ePeL þ HmCp ð14Þ

Replacing C�out ¼ HmCp into the left hand side of Eq.
(14), one can get that value of Cp which correctly
describes the concentration distribution in the case of
model A, as well. Thus, one can obtain for the value
of Cp as:

Cp ¼ Cb

ePeL

PeLbLdm= bmHmdð Þ þ ePeL
ð15Þ

Thus, the enrichment factor (E ¼ Cp/Cb) can be
given as:

E ¼ ePeL

xþ ePeL
ð16Þ

where

x ¼ PeLbLdm

dbmHm

Looking at Eq. (16), it is easy to see that the enrich-
ment factor can directly be calculated by means of the
mass transport parameters of the two layers. This was
not possible applying the literature equations (see e.g.
Eq. (2)). On the other hand, it can also be stated that the
value of the enrichment can never be larger than unit
that is E � 1. In reality enrichment is larger, even it can
be much larger than unit in pervaporation processes.
Accordingly, the question arises whether the Eq. (16)
is not correct or there is other reason for this anomaly.
In the following we try to give an answer on this ques-
tion accepting that Eq. (16) describes correctly the mass
transport, obviously, under the given conditions. The
polarization modulus can similarly be given:

I � C�

Cb

¼ ePeL þ E 1� ePeL
� �

� ePeL xþ 1ð Þ
xþ ePeL

ð17Þ

The value of the intrinsic enrichment, Eo (Eo ¼ Cp/
C*) can easily be obtained by means of Eqs. (16) and
(17), namely

Eo ¼
Cp

C�
� E

I
¼ 1

xþ 1
ð18Þ

It is obvious from Eq. (18) that the value of the
intrinsic enrichment is not larger than unit. This is also

Fig. 4. Enrichment factor as a function of the Peclet number
(DL ¼ 1 � 10�8 m2/s; � ¼ �m ¼ 1 � 10�4 m; Hm ¼ 10).

Fig. 3. Concentration profiles in the two layers at different
values of Cp/Cb, applied the Model B. (Dm ¼ 1 � 10�9 m2/s;
DL ¼ 1 � 10�8 m2/s; � ¼ �m ¼ 1 � 10�4 m; Hm ¼ 1, PeL ¼ 1).
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contradiction with literature data [4,8]. When one
replaces the value of C* from Eq. (3), at Y ¼ 1 into the
right hand side of Eq. (2) one gets the same value for
the polarization modulus, I, as it is given in Eq. (17).
As it was mentioned, the value of E cannot be larger
than unit, according to Eq. (16). Typical curves illus-
trate the change of the enrichment factor as a function
of the Peclet number in the boundary layer (Fig. 4) at
different values of the ratio of the diffusion mass trans-
fer coefficients, namely bL/bm, where bL and bm are the
mass transfer coefficient of the boundary layer (bL ¼
DL/d) and membrane layer (bm ¼ Dm/dm), respec-
tively. The curves have minimum as a function of PeL,
and tend to unit with both the increasing as well as
decreasing PeL number. During our calculation the
thickness of both the boundary layer and membrane
layer were kept to be constant, the membrane diffusion
coefficient was changed according to the bL/bm values.

The effect of the solubility of the transported com-
ponent is plotted in the next two figures (Figs. 5 and 6).
The enrichment factor gradually increases with the
increase of the Hm solubility. As can be seen, its value
tends to unit, that is, it will not be larger than one. The
polarization modulus calculated by Eq. (17) is plotted
in Fig. 6. Its value decreases essentially with increasing
solubility coefficient. It is also sensitive to the value of
Peclet number. It is important to note that the value of
the polarization modulus is always larger than unit.
This is inconsistent with the reality where it value
should be less than unit if the enrichment factor is lar-
ger than one. The question how can be given more sui-
table description of the mass transport through the
pervaporation membrane matrix. Generally it is
accepted, that only diffusion takes place in the dense

polymer membrane. Our equations obtained by the
two models accept this condition. For further analysis
let us look the mass transfer rate trough the membrane
layer, according to Baker [9]:

J ¼ Dm

dm

HmC�m � HpCp

� �
ð19Þ

where

Hm ¼
gLrm

gmrb

� �
b

; Hp ¼
gLrm

gmrb

� �
p

The question is whether the values of the Hm and Hp

can differ from each other or not. In the equations from
(10) to (18), the equality of Hm and Hp was assumed. It
might also be supposed, to my opinion, that the solubi-
lity on the permeate side can differ from that on the
feed side of the membrane. According to the values
of Hm and Hp defined after Eq. (19), the values of gm,
for example, can differ on the both sides of the mem-
brane. This might be confirmed e.g. by the well known
Schroeder’s paradox [10] or by several literature data
(it is not discussed here in details). Accordingly, the
membrane concentration on the permeate interface,
C�out can be given by the following expression:
C�out ¼ HpCp. On the permeate side the vapor phase con-
centration can strongly differ from the liquid concen-
tration, in measure of weight/volume. The solubility
defines the dissolved amount of component in the
membrane matrix as a function of its activity in the
liquid phase or in the vapor phase. If one use concen-
tration in weight/volume instead of weight fraction,
the solubility may be essentially different on the feed

Fig. 5. The outlet concentration as a function of the solubility
(Dm ¼ 1 � 10�8 m2/s; DL ¼ 1 � 10�8 m2/s; � ¼ �m ¼
1 � 10�4 m).

Fig. 6. The change of the polarization modulus as a function
of the solubility coefficient (Dm ¼ 1 � 10�8 m2/s; DL ¼
1 � 10�8 m2/s; � ¼ �m ¼ 1 � 10�4 m).
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side (liquid phase) and the permeate side (vapor
phase). This potential difference is expressed by apply-
ing Hp solubility on the permeate side. Taking into
account that Hm 6¼ Hp the enrichment factor can be
expressed, as follows:

E ¼ ePeL

xþ ePeL þ Hp=Hm � 1
� � ð20Þ

Applying Eq. (18) we recalculated the enrichment
factor at a constant value of Hm (Hm¼ 50) and at differ-
ent values of Hp (Fig. 7) as a function of the PeL num-
ber. As can be seen the value of enrichment factor are
strongly affected by the Hp values. With increasing PeL

number enrichment factor decreases to unit, but with
decreasing Peclet number its value tends to a limiting
value and can have much higher value than unit. Simi-
larly, the polarization modulus in Eq. (17) will also be
less (not shown here) than unit according to the E value
obtained by Eq. (20). Further analysis is needed to clar-
ify the real effect of the variable solubility (and other
effects as the variable diffusivity, the coupling of the
two-component transport, etc.) on the separation
efficiency.

4. Conclusion

The concentration polarization is affected not only
by the external hydrodynamic conditions but on the
mass transport process inside of the membrane layer.
The membrane Peclet number, the solubility coeffi-
cient, the membrane thickness can strongly affect the
concentration profile in the concentration boundary
layer as well. The traditional models of the

concentration polarization doe not contain the effect
of the membrane mass transport parameters.
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Symbols

C liquid concentration, mol/m3

C�

liquid concentration at membrane interface
on the feed side, kg/m3

C*out liquid concentration at membrane interface
on the downstream side, kg/m3

Cb inlet liquid concentration, kg/m3

Cp outlet permeate concentration, kg/m3

D diffusion coefficient of the boundary layer,
m2/s

E enrichment factor,–
Eo intrinsic enrichment factor, –
Hm solubility coefficient, –
Hp solubility coefficient on the permeate side, –
I polarization modulus, –
J mass transfer rate, kgl/m2s
Pe Peclet number, –
y space coordinate, m
Y dimensionless space coordinate, –

Greek letters

b mass transfer coefficient, m/s
g activity coefficient, –
d boundary layer thickness, m
dm membrane thickness, m
rb density of the feed liquid, kg/m3

� convective velocity in the boundary layer, m/s

Subscripts

L liquid
m membrane
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Appendix

The concentration distribution obtained by the integra-
tion of Eqs. (5a) and (5b) can be given by Eqs. (6) and
(7). The values of parameters, TL, QL, Tm, Qm can be
obtained by the solution of the algebraic equations
using the internal (Eqs. (9) and (10)) and external (Eqs.
(8) and (13)) boundary conditions. They are listed
below. From these all important parameters, namely
overall mass transfer rate, concentration polarization
modulus, enrichment, the concentration profiles in
both the boundary and membrane layers, etc. can be
calculated. For this prediction all important transport
parameter, namely PeL, Pem, Sm, d/dm should be
known.

TL ¼ Hm

Cb PeLbL=bm � Hmð Þ þ Cp

DEN
ðA1Þ

QL ¼ Hm

CbePeL � Cp

DEN
ðA2Þ

Tm ¼ Hm

bL

bm

PeL Cp � CbePeL
� �

DEN
ðA3Þ

Qm ¼ CpHm xþ Hm ePeL � 1
� �� �

þ CbHm 1þ dm

d

� �
x

� 	
1

DEN
ðA4Þ

DEN ¼ Hm ePeL � 1
� �

þ x
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