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A B S T R AC T

The salt rejection of membranes with inhomogeneous fi xed charge densities including both 
symmetric and asymmetric distributions has been investigated theoretically. The rejection 
rates for the different fi xed charge distributions, have been calculated by using a standard 
nanofi ltration (NF) model based on the extended Nernst-Planck equation, the local electroneu-
trality condition and a modifi ed Donnan equation including both steric and electrostatic effects 
and have been compared with the rejection rate obtained for a homogeneous distribution with 
the same average fi xed charge concentration. The effects of the ion diffusion coeffi cients and 
the pore radius on the membrane rejection have also been investigated for the various fi xed 
charge distributions. It has been shown that inhomogeneous fi xed charge distributions may 
signifi cantly affect the rejection properties of NF membranes. The value of the fi xed charge 
concentration at the pore inlet plays a major role and high charge densities at the pore inlet tend 
to increase the salt rejection. Nonetheless, it has also been shown that strong axial gradients of 
the fi xed charge concentration can affect signifi cantly the ion transport within pores. 
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1. Introduction

The recent extensive development of nanofi ltration 
(NF) technology has put in evidence the real applica-
tion potentialities in several areas, e.g., textile industry 
(removal of dye from waste rinse water), paper and plat-
ing industries (limitation of the consumption of clean 
water by recycling waste water), drinking water pro-
duction, etc.

NF membranes are made of organic or ceramic mate-
rials the most of which develop a surface electric charge 

when immersed in aqueous electrolyte solutions. Since 
almost all current models [1–6] assume that the fi xed charge 
distribution in the membrane is homogeneous (i.e., the 
membrane volume charge density is assumed to be inde-
pendent of the axial position inside pores), the question 
of how inhomogeneous distributions affect the transport 
and selectivity of NF membranes naturally arises [7–11]. 
This problem has been discussed recently in the context of 
ion exchange membranes [12–19] as well as in some bio-
logical ion channels [20–23], but the issue of how inhomo-
geneous fi xed charge distributions act on the rejection of 
electrolytes by NF membranes has not been addressed yet. 
Here, we have dropped the assumption of homogeneous 
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fi xed charge distributions in order to investigate the infl u-
ence of spatially asymmetric fi xed charge distributions on 
ions transport through NF membrane. A comprehensive 
set of 1D distributions have been considered and analyzed 
on the basis of the Nernst-Planck equations coupled with 
a local electroneutrality condition. In this work, we have 
computed the rejection rates of uni-univalent electrolytes 
by NF membranes with different fi xed charge distributions 
including hyperbolic, linear, skin and cluster distributions 
(see below). For the sake of clarity, dielectric effects have not 
been included in calculations. The results have been com-
pared with those obtained with a homogeneously charged 
membrane with the same average fi xed charge concentra-
tion. In particular, we have discussed if the occurrence of 
spatial inhomogeneities in the fi xed charge can lead to an 
enhancement of the rejection rate with respect to the homo-
geneously charged membranes.

2. Theoretical background

2.1. Extended Nernst-Planck equation

The extended Nernst-Planck equation Eq. (1) 
describes the solute transport through charged porous 
membranes and can be written as,
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where the value Δx+ of the axial coordinate means just 
outside the pore outlet (i.e., in the permeate) (see the 
List of symbols section for defi nition of the various 
symbols).

The extended Nernst-Planck equation describes 
ion transport in terms of diffusion under the action of 
the solute concentration gradient, migration under the 
action of the spontaneously arising electric fi eld and 
convection due to the solvent fl ow.

The concentration gradient inside pores can be 
obtained by rearranging Eq. (1),
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The local electroneutrality condition inside pores reads 
as follows,

0i i loc
i
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Combining Eqs. (4) and (5), we can establish the expres-
sion of the potential gradient inside pores as Eq. (6),
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The distribution of ions at the membrane/solution inter-
faces is described by the following Donnan equations 
(Eqs. (7) and (8)) including both the steric hindrance and 
the Donnan exclusion,
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where the values of the axial coordinate 0− and 0+ denote 
the position just outside and just inside the pore inlet, 
respectively, and Δx− and Δx+ denote the position just 
inside and just outside the pore outlet, respectively. 0+|0− 
and Δx−|Δx+ denote the membrane/solution interfaces 
at the feed side and the permeate side, respectively.

For the sake of clarity, dielectric effects have not been 
included in the above partitioning equations although 
dielectric exclusion is likely to affect signifi cantly the 
rejection properties of NF membranes[24]. Finally, the 
rejection rate Ri is calculated for a solute i according to 
its defi nition by Eq. (9):
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2.2. Different fi xed charge distributions

Fig. 1(a–d)  shows the four fi xed charge distributions 
under consideration in the present work, the expres-
sions of which are represented by Eqs. (10)–(13), 
Hyperbolic
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Skin
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in which x–      = x/Δx, is the dimensionless axial coordi-
nate (Δx being the membrane thickness).
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The axial profi les correspond to typical symmetric 
and asymmetric pores and include most of the cases 
that could be found in practical situations. The skin dis-
tribution may result from usual membrane preparation 
procedures and could also fi nd application in the case of 
double conical track-etched pores. The cluster distribu-
tions are typical of pores where a hydrophobic structure 
is superimposed to cluster like hydrophilic regions con-
taining the charged groups, the water molecules, and 
the mobile ions[25].

In order to allow a better comparison between the 
different distributions, all the distributions presented 
here have been chosen to give the same average charge 
concentration ( avg

locX = −10 eq m−3) over the membrane 
thickness. 

3. Results and discussion

Fig. 2(a–c) shows the variation of the theoretical rejec-
tion rate of a millimolar solution of uni-univalent elec-
trolyte with the permeate volume fl ux for the various 
fi xed charge distributions (homogeneous and inho-
mogeneous) and various ion diffusion coeffi cients. 
It is clearly shown that the inhomogeneous distribu-
tion of fi xed charges signifi cantly affect the separation 
performances of the membrane although the aver-
age fi xed charge concentration is identical for all the 
charge distributions under consideration and that it 
is possible to increase the salt rejection by using an 
appropriate fi xed charge distribution. The sequence 
RHyperbolic > RSkin > RCluster indicates the dominant role of 
pore inlet effects since the rejection rate increases as 
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Fig. 1. Inhomogeneous fi xed charge distributions under consideration; (a) Hyperbolic; (b) Linear; (c) Skin; (d) Cluster.
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It can be noted, however, that RLinear > RSkin although 
the fi xed charge concentration at the pore inlet is lower 
for the linear distribution (Xloc = −20 eq m−3 at the pore 
inlet). The reason is that the fi xed charge decreases much 
more strongly for the skin distribution than for the lin-
ear one. The rejection rate is higher for the cluster distri-
bution than for the homogeneous distribution although 
the fi xed charge concentration at the pore inlet is the 
same in both cases because the fi xed charge density of 
the cluster distribution increases (in absolute value) just 
after the pore inlet. 

As expected, Fig. 2(a–c) shows that the increase in the 
coion diffusivity decreases the rejection rate of electrolytes 
but it can be noted that the variation in the ion diffusion 
coeffi cient does not modify the sequence of rejection rates 
obtained with the various fi xed charge distributions. 

Figure 3 shows the variation of the rejection rate ver-
sus the membrane pore radius for different fi xed charge 
distributions. As expected, the rejection rate decreases 
as the pore size increases due to the weaker steric hin-
drance but the effect of the various charge distributions 
on the rejection rate remains identical (qualitatively) to 
the one obtained in Fig. 2(a–c).

4. Conclusion

A standard NF model based on the extended 
Nernst-Planck equation, the local electroneutrality 
condition and a modifi ed Donnan equation including 
both steric and electrostatic effects has been used to 
calculate the theoretical rejection rate of nanoporous 
membranes with different fi xed charge distributions. 
The results have been compared with those obtained 
for the case of a homogeneously charged membrane. 
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Fig. 2. Rejection rate of a millimolar solution of uni-univa-
lent electrolyte vs. permeate volume fl ux for the various 
fi xed charge distributions; rp = 1 nm; Δx/Ak = 5 µm; (a) D+ 
= D– = 10–9 m/s2; (b) D– = 2D+ = 2 × 10–9 m/s2; (c) D–= 3D+ = 
3× 10–9 m/s2.
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Fig. 3. Variation of the rejection rate vs. the pore radius for 
the different fi xed charge distributions at Jv = 2 × 10–4 m/s; 
Δx/ Ak = 5 µm; D+ = D– = 10–9 m/s2.

the charge density at the pore inlet increases in abso-
lute value (the value of Xloc at the pore inlet is −134, 
−30 and −10 eq m−3 for the hyperbolic, skin and cluster 
distributions, respectively).
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It is clearly shown that the inhomogeneous distribu-
tion of fi xed charges signifi cantly affect the separation 
performances of the membrane although the average 
fi xed charge concentration is identical for all the charge 
distributions.

Nomenclature

Ak porosity of the membrane active layer
ci concentration of ion i
Di, ∞  bulk diffusion coeffi cient of ion i at infi nite 

dilution
F Faraday constant
ji  molar fl ux density of ion i
Jv permeate volume fl ux
Ki, c  hydrodynamic coeffi cient accounting for the 

effect of pore walls on convective transport
rp pore radius
R ideal gas constant
Ri rejection rate of ion i
T temperature             
V solvent velocity inside pores
x axial coordinate
Δx effective thickness of the active layer
x– dimensionless axial coordinate
Xloc local fi xed charge concentration
zi charge number of ion i

Greek symbols

ϕ steric partitioning coeffi cient for ion i
ψ local electrical potential inside pore
Δψ dimensionless Donnan potential
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