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A B S T R A C T

Natural organic matter (NOM) normally exists in raw surface water as a complex mixture of
organic compounds, mainly humic acids and fulvic acids. In water treatment plants, free chlorine
reacts with NOM and forms a wide range of substances known as disinfection byproducts (DBPs).
Granular activated carbon (GAC) adsorption is one of the best available technologies employed
for the removal of NOM. Mathematical models for the adsorption of NOM onto GAC in a fixed
bed column were reviewed. These models were solved numerically using finite element and
orthogonal collocation methods. Of all the tested models, best agreement was obtained between
predicted values using homogenous surface diffusion model (HSDM), incorporating adjustment
of the average particle size with a proper value of sphericity factor, and experimental results con-
ducted using rapid small scale column tests (RSSCT) for a range of empty bed contact times
(EBCT), GAC particle size, and raw water pH. Most of the model parameters were determined
experimentally in adsorption equilibrium isotherm and batch reactor experiments.
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1. Introduction

Natural organic matter (NOM) is best described as a
complex mixture of organic compounds, mainly humic
acids and fulvic acids. Most water sources throughout
the world contain NOM. These are always site-specific
and even season-specific for the same site. NOM was
discovered to reacts with free chlorine in raw water,
forming a wide range of substances known as disinfec-
tion byproducts (DBPs) [1]. Two main classes of these
compounds are trihalomethanes (THMs) and haloace-
tic acids (HAAs) which have led to concern by regula-
tors such as the World Health Organization (WHO)
and the United States Environmental Protection

Agency (USEPA) following research showing them to
cause cancer in laboratory animals [2].

Granular activated carbon (GAC) adsorption is one
of the best technologies employed for the removal of
NOM. GAC is typically used as a medium in a filter-
adsorber or a postfilter-adsorber in many water treat-
ment plants [3]. To predict GAC fixed bed performance,
an appreciation of the relevant transport mechanisms is
essential in order to incorporate them into an applicable
mathematical model.

The objective of this study is to review various rele-
vant mathematical models that describe the dynamics
of fixed bed GAC adsorption columns. The models
were evaluated by comparing their predictions with
experimental results in order to select the most suitable
one for NOM removal. The evaluation process of the�Corresponding author
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selected model comprised different operating para-
meters; namely, empty bed contact times (EBCT), GAC
particle sizes, and feed water pH.

2. Mathematical models for GAC adsorption

Fixed bed dynamics are described basically by a set
of convection-diffusion equations, coupled with source
terms due to adsorption and diffusion inside the adsor-
bent particles. Solution of these equations gives rise to
the prediction of the needed breakthrough curves.

A number of researchers have developed various
models to predict one-dimensional transport of adsor-
bate from the liquid towards the adsorbent particles
[4–9]. All of these models have the same following com-
mon assumptions:

• Constant convection flow, i.e. plug flow.
• The adsorbate material is non-degradable.
• The column is saturated.
• Pellets of adsorbent are aggregates and considered as

spherical particles, uniformly distributed.
• The adsorbent is homogenous.
• Radial concentration gradient is neglected.
• Local adsorption equilibrium exists between the

adsorbate adsorbed onto the adsorbent particle sur-
face and the solute in the intra-particle stagnant fluid.

The fixed bed column is usually a cylindrical shape
with a pack of GAC (stationary phase). The flow of
adsorbate (mobile phase) is vertical along the longitu-
dinal axis of the column. The most general form of the
mathematical model incorporates axial dispersion, film
mass transfer from the mobile to the stationary phase
and both surface and pore diffusion as intra-particle
phase mass transport mechanisms [5]. The model is
designated as dispersed flow, pore and surface diffu-
sion model (DFPSDM). It consists of two partial differ-
ential equations; one for the mobile phase and the other
for the stationary phase, as follows:
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The coupling equation is the adsorption equilibrium
isotherm (AEI). The Freundlich adsorption model is
perhaps the most widely used mathematical descrip-
tion of adsorption equilibrium in aqueous systems [10]:

q ¼ K � C1=n
p : ð3Þ

The complexity in solving the nonlinear partial
differential equation for stationary phase mass balance
(Eq. (2)) gave rise to the assumption of linear equili-
brium isotherm relation (i.e., 1/n ¼ 1) [11]. With this
assumption pore and surface diffusion was combined
into a single intraparticle diffusion Di, as follows [5]:
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Accordingly Eq. (2) is simplified to:
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while Eq. (1) remains unchanged. This model is desig-
nated as dispersed flow, combined intraparticle diffu-
sion model (DFCIDM) [5].

Another model that takes into consideration most of
the physical transport mechanism as DFPSDM, but
ignores pore diffusion and axial dispersion is the
homogenous surface diffusion model (HSDM). After
neglecting the axial dispersion, the mobile phase equa-
tion (Eq. (1)) is simplified to:
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All the previous models were solved numerically
because no analytical solution can be applied without
further simplification of the models. In order to solve
the two partial differential equations of the above-
mentioned models the following initial and boundary
conditions are utilized:

Cðz; tÞ ¼ 0 at 0 � z � L; t ¼ 0; ð7Þ

Cðz; tÞ ¼ C0 at z¼ 0; t > 0; ð8Þ
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The coupled partial differential equations represent a
set of simultaneous, non-linear, partial differential
equations that can be solved numerically to provide
effluent history (concentration vs. time). They were
discretized with respect to space coordinate (Z) using

94 A.H. Sulaymon et al. / Desalination and Water Treatment 24 (2010) 93–100



finite element method and with respect to space coor-
dinate (r) using orthogonal collocation method [12].
The discretization converted the partial differential
equations to a set of ordinary differential equations
(ODEs). The resulting ODEs were solved using ODE
solver provided by MATLAB [13].

Crittenden et al. [5] described another simple model
consisting of one partial differential equation. It is
designated as dispersed flow local equilibrium model
(DFLEM). In this model, the mass transfer resistances
are eliminated and the mobile and stationary phases
are in equilibrium with each other. Accordingly, the
overall simplified column mass balance equation
becomes:
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The analytical solution for this model is [5]:
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where T is the throughput and Pe is Peclet Number.
Another model is the linear adsorption model

(LAM). It was described and utilized to describe the
dynamics of fixed bed column by many researchers
[14–18]. The model assumes: linear AEI, pore diffusion
controls the intraparticle transport phenomena and the
change in the average adsorbent phase concentration �q
is linear. Accordingly, Eq. (2) is simplified to the fol-
lowing form:
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Ramli [19] published a simple analytical solution to
this model as follows:
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The last model is the logistic function model (LFM). It
is based on the use of a mass transfer concept in com-
bination with Freundlich AEI. The model was devel-
oped by Clark et al. [20] and used to describe the
performance of GAC adsorption systems in drinking

water treatment plants. The model equation can be
written as follows [21]:

C ¼ Cn�1
o

1þ A � exp �rtð Þ

� �
; ð17Þ

where r and A are constants in the logistic function. A is
defined as:

A ¼ Cn�1
o
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 �
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 �.
exp �rtbð Þ; ð18Þ

where Cb is the adsorbate concentration after tb service
time, both at breakthrough.

3. Experimental arrangement and procedures

The GAC used in the experiments was a coconut-
shell-based variety with an apparent density of
480–490 kg/m3; supplied by Unicarbon, an Italian firm.
Four sizes of GAC (0.105, 0.162, 0.230 and 0.353 mm)
were obtained by crushing and sieving a sample of
GAC (12 � 40 U.S. standard mesh; geometrical mean
particle diameter 1.1 mm). The crushed GAC was
boiled, washed more than 30 times in distilled water
and dried at 105�C for 24 h before being used as an
adsorbent. The raw water was taken from Tigris River
at Baghdad locality, Iraq. Suspended particles were
removed by filtering the water with 5 micron size car-
tridge filter. Raw water DOC ranged from 1.9 to
2.3 mg/l and its pH was about 7.9

3.1. Rapid small-scale column tests

The RSSCT process was developed for evaluating
adsorption of organic matter onto GAC by Crittenden
et al. [22]. Extensive description of the method with
operating parameters can be found in USEPA literature
[23]. In this work RSSCT experiments were performed
using 8 mm I.D. glass columns packed with 1.5–9 g of
the prepared GAC. The GAC bed was 6–36 mm long
(corresponding EBCT of 0.5–3 min for small scale col-
umns). The GAC bed was supported by a 200 mesh
stainless-steel screen, a layer of glass beads (250–
500 mm), and another 200 mesh stainless-steel screen.
Glass wool was placed above the GAC to aid in produ-
cing plug flow through the GAC bed. Water samples
were slowly pumped from a 300 l plastic tank using a
stainless steel piston pump at a flow rate of 6 ml/min.
Influent and effluent samples were periodically col-
lected for analysis.

3.2. Batch experiments

These were performed to estimate the diffusion
coefficients. This was done by adjusting the predicted
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batch concentration curves, obtained from the solution
of the batch reactor model, to best-fit the experimental
results. A 2-liter flask was filled with 1.75 liter raw
water, then 0.7 g of activated carbon was added to the
flask followed by agitation. The GAC used in these
experiments was the same pulverized one prepared for
RSSCT. The quantity of activated carbon was calcu-
lated using the following mass balance equation:

M ¼ Co � Ce

K � C1=n
e

� V: ð19Þ

Samples were taken for analysis at least every 30 min
during the first 4 h and one sample per hour after that.
Samples of the raw water were analyzed before the
experiments were started. A mixing speed of 800 rpm
was found appropriate and consequently adopted for
all batch experiments. Other researchers used the same
speed for particle size range from 12 to 20 standard
mesh size while 700 rpm was used for smaller sizes
[24].

3.3. Adsorption equilibrium isotherm experiments

AEI experiments were conducted using six 250 ml
volume bottles. The GAC used in these experiments
was the same pulverized one prepared for RSSCT with
a mean particle diameters of 0.105 mm. Amounts of
GAC weighing from 0.1 to 1.0 mg were added to the
bottles, which were then filled with 200 ml raw water
to make the GAC dosage from 0.5 to 5.0 g/l. The bottles
were kept shaken continuously for 3 d to keep the
activated carbon mixed with the raw water [25]. Liquid
phase concentrations in terms of dissolved organic
carbon (DOC) were obtained for each sample and the
reference sample.

3.4. Analytical instruments and analysis

DOC measurements were conducted to reflect
NOM content of the raw water using Dohrmann DC-
180 Total Organic Carbon Analyzer (USA). The analy-
sis procedure followed that outlined in Standard
Method No. 5310C [26].

4. Results and discussion

4.1. Determination of AEI parameters

Freundlich adsorption equilibrium isotherm model
was used and its two parameters, K and (1/n), were
determined. The initial water DOC was 2.0 mg/l. It
was found that Freundlich isotherm model fit the
experimental data reasonably well when using the fol-
lowing values K and (1/n):

K ¼ 8:325 mg=g
� 

mg=l
� �1=n

; 1=n ¼ 1:345:

4.2. Liquid film mass transfer coefficient calculation

This parameter was calculated using the following
correlation [27]:

kf ¼ 2:4Vs= Sc0:58Re0:66
� 

½m=s	: ð20Þ

In which the Reynolds (Re) and Schmidt (Sc) numbers
were calculated as follows:

Re ¼ Vsd

�"
Sc ¼ �

Dl
: ð21Þ

Typically, for a kinematic viscosity (�) of
1.0 � 10�6 m2/s, a superficial velocity (Vs) of
0.002 m/s, a particle size (d) of 0.105 � 10�3 m and a
porosity (e) of 0.4 the value of Re is 0.53. The value of
liquid diffusivity coefficient (Dl) was calculated using
the following formula [25]:

Dl ¼ 2:74� 10�9 MWð Þ�1=3½m2=s	; ð22Þ

where MW is the molecular mass of adsorbate. NOM
substances are heterogeneous in nature and values of
molecular mass range from less than 500 Da up to more
than 30,000 Da [14,28]. However, the majority of these
substances fall within the range of 10,000 to 30,000 Da
[28]. To appreciate the range of Dl, a small MW (500 Da)
and a large MW (30,000 Da) were used. Accordingly,
Dl ranged from 3.45 � 10�10 to 0.88 � 10�10 m2/s.
It was consequently established that a value of
1.0 � 10�10 m2/s fit the experimental results well
[29]. Accordingly, the value of kf was equal to
3.5 � 10�5 m/s. The determined values are well within
the range reported by other researchers [30,31].

4.3. Dispersion coefficient calculation

Dispersion coefficient (Dz) was calculated using the
following equation [32]:

Dz

Dl
¼ 0:67þ 0:5

Vsd

" �Dl

� �1:2

: ð23Þ

A typical value of Dz for a GAC particle size (d) of
0.105 mm was 1.46 � 10�6 m2/s.

4.4. Estimation of surface diffusivity (Ds)

Batch experiments for the adsorption of raw water
NOM onto GAC were conducted to estimate the values
of Ds. The results are shown in Fig. 1 for each GAC
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particle size (0.105, 0.162, 0.230 and 0.353 mm). The
determined values for Ds were 1.90, 2.1, 2.2 and
2.4 � 10�15 m2/s for each GAC particle size, respec-
tively. The results showed linear dependence between
the surface diffusivity and GAC particle size, being
consistent with the assumption made when developing
the RSSCT mathematical model [22].

4.5. Estimation of GAC sphericity (c)

The necessity of introducing a sphericity shape fac-
tor is due to the inadequacy of the particle spherical
shape assumption. Its value was found to be significant
in predicting the actual GAC column performance. The
predictions were found to match the experimental
results very well for a sphericity factor value of 0.7.
This value was obtained after successive trials to mini-
mize the least square differences between predicted
values and experimental results. Other researchers
adopted c values of 0.69 and 0.62 for GAC of 12 � 40
and 8 � 30 standard mesh size, respectively [33].

4.6. Theoretical and experimental breakthrough curves

A comparison was carried out between experimen-
tal breakthrough curves obtained from RSSCTs at
EBCT of 2.0 min with theoretical breakthrough curves
obtained from the various theoretical models. The com-
parison is illustrated in Fig. 2.

From Fig. 2 it can be concluded that models LFM
and LAM gave excellent matching with the experimen-
tal results, while models DFLEM and HSDM did not
match the experimental results well. Model HSDM
applicability was significantly improved by introdu-
cing a sphericity factor c of 0.7 (designated as
HSDM-F in Fig. 2), following the approach of Hutzler
et al. [32] which was based on adjustment of the GAC
mean particle size. This parameter is most sensitive

to intraparticle mass transport as demonstrated by the
sensitivity analysis of the model [22,29].

Models DFCIDM and DFPSDM were solved using
the same numerical algorithm used for HSDM with
some modifications. Their results were identical to
those obtained by HSDM. This was expected due to the
minor effect of pore diffusion because of the tendency
of humic substances to be adsorbed on the surface
rather than migrating into small pores inside the adsor-
bent. Accordingly these two models gave no advantage
over HSDM.

From the above, it can be concluded that HSDM is
the simplest model that incorporates all the effective
physical parameters and produces results with accep-
table accuracy, provided that the mean particle size is
adjusted by the sphericity shape factor. This model was
consequently adopted in evaluating the GAC column
performance.

4.7. HSDM reliability for various EBCTs, GAC particle
sizes and water pH

Comparison of experimental and predicted break-
through curves are shown in Figs. 3–5. Fig. 3 illustrates
breakthrough curves for different EBCTs (0.5, 1.0, 2.0
and 3.0 min; corresponding to large-scale EBCT of 5,
10, 20 and 30 min, respectively). From the figure, it can
be seen that breakthrough at C/Co¼ 0.05 for the longer
EBCT occurs at a larger treated-bed-volumes value
than the shorter EBCT. This was expected because as
EBCT increases, contact time between the adsorbate
and the adsorbent also increases giving the organic
matter more opportunity to be adsorbed onto the GAC.
However, doubling the EBCT generally does not dou-
ble the treated water volume. Good agreement exists
between experimental results and model prediction.

Fig. 4 shows experimental breakthrough curves at
various particle sizes and model prediction. GAC
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Fig. 2. Comparison between experimental results and predic-
tive models for the case of EBCT ¼ 2.0 min.
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Fig. 1. Batch reactor NOM adsorption onto GAC for various
GAC particle sizes.
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particle size plays an important role in the amount of
NOM adsorbed from raw water. The number of
treated-bed-volumes for smaller GAC particle size is
higher than that for larger particle sizes. This can be
justified as follows: with a smaller particle size, the dif-
fusion pathway from the external surface of the particle
to its inside is shorter and the external particle surface
area per unit mass of adsorbent is larger – both of
which enhance adsorption rate [34]. The predicted
values for this case were, also, in close agreement with
the experimental results.

In order to test the effect of reducing raw water pH
on the nature of the adsorption process, four AEI tests
were conducted. The experimental results are shown
in Fig. 6. From the figure, it can be concluded that as raw
water pH decreases, adsorption capacity (measured in
terms of AEI parameter K) increases while the exponent
(1/n) value decreases. This increase in the adsorption
capacity can be explained as follows: NOM is predomi-
nately negatively charged; therefore, decreasing the pH
renders the negatively charged organic molecules more

neutral. A neutral molecule is inherently less soluble in
water than a charged molecule and, consequently, more
adsorbable. The numerical values of K and (1/n) for the
various cases are listed in Fi. 6.

Experimental breakthrough results for different
raw water pH values along with predicted ones using
the obtained values for K and (1/n) are illustrated in
Fig. 5. It is clear that the increased adsorption capacity
did not reflect a significant effect on the breakthrough
behavior. Changing the pH from 7.9 to 6.5 increased K
by more than 36%, while it increased the number of
treated bed volumes by only 11.5%. Again model
curves match experimental results very well.

5. Conclusions

The HSDM is the simplest model that incorporates
all the effective physical parameters and produces
results with acceptable accuracy. Good agreement was
obtained between predicted values by this model and
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Fig. 6. Effect of raw water pH on the adsorption equilibrium
isotherm.
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Fig. 4. RSSCT experimental results and predictive fixed bed
mathematical model results for different GAC mean particle
sizes.
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experimental results conducted using RSSCT for a
range of EBCT, GAC particle size, and raw water pH;
provided that the average GAC particle size is adjusted
with a proper value of the sphericity shape factor. Con-
sequently, this model is recommended for predicting
NOM adsorption from raw surface water by GAC fixed
columns.

Symbol

A Constant in the logistic function model, –
C Bulk adsorbate concentration, g/m3

Ce Equilibrium adsorbate concentration, g/m3

Cb Breakthrough concentration, g/m3

Co Influent concentration, g/m3

Cp adsorbate concentration within the pores,
g/m3

d Geometrical mean diameter of GAC
particles, mm

Di Intra-particle diffusion coefficient, m2/s
Dl liquid diffusivity coefficient, m2/s
Dp Pore diffusion coefficient, m2/s
Ds Surface diffusion coefficient, m2/s
Dz Dispersion coefficient, m2/s
EBCT Empty bed contact time, s
K Freundlich adsorption isotherm capacity

constant, (mg/g) (mg/l)�1/n

1/n Freundlich adsorption isotherm rate
constant, –

Kd Distribution coefficient, –
kf Liquid film mass transfer coefficient, m/s
L Column length, m
MW Molecular mass of adsorbate, Da
Pe Peclet number ¼ ViL/Dz, –
q Amount of adsorbate adsorbed per unit mss

of GAC, mg/g
r Constant in the logistic function model, –
r Radial coordinate, m
R GAC particle radius, m
Re Reynolds number ¼ Vsd/��,
Sc Schmidt numbers ¼ �/Dl –
tb Column service time at breakthrough, s
T Throughput ¼ Vi t/L, –
V Water volume in batch reactor, m3

Vs Superficial water velocity, m/s
Z Axial coordinate, m

Greek letters

� packed bed porosity, –
�p ore void fraction of the particle (1 � ra/rs), –
ra pparent density of GAC, g/m3

rs olid particles real density, g/m3

Y inematic viscosity, m2/s
c phericity, ratio of the surface area of equivalent-

volume sphere to actual surface area of particle,
–

Mathematical models abbreviations

DFCIDM ispersed flow, combined intra-particle
diffusion model, [equations 1 and 5]

DFLEM ispersed flow local equilibrium model,
[equations 13 and 14]

DFPSDM ispersed flow pore and surface diffusion
model, [equations 1 and 2]

HSDM omogeneous surface diffusion model,
[equations 5 and 6]

HSDM-F omogeneous surface diffusion model,
with sphericity shape factor of 0.7

LAM inear adsorption model, [equations 15
and 16]

LFM ogistic function model, [equation 17]
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