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a b s t r a c t
A superparamagnetic hydroxyapatite (SPM/Hap) nanocomposite was synthesized to remove Cu2+ from 
aqueous solution. Various factors affecting the uptake behavior such as pH, contact time, initial con-
centration of Cu2+, adsorbent dose, and desorption behavior were studied using batch tests. The results 
revealed that the adsorption of Cu2+ ions was relatively fast and highly pH dependent. The surface 
complexation mechanism plays a key role for the uptake of Cu2+ by SPM/Hap. The pseudo-first-order 
model showed satisfactory fit with the experimental data. The equilibrium data were well fitted by the 
Langmuir and Liu isotherm models, with a maximum sorption capacity of 247.6 mg g–1. The results 
implied that SPM/Hap can be selected as a durable, robust, promising, and environmentally friendly 
adsorbent for the effective remediation of industrial wastewaters containing heavy metals.
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1. Introduction

Heavy metals are among the most common environmen-
tal pollutants which are usually found in high concentra-
tions in industrial wastewater, posing a risk of damage to the 
environment and being detrimental to human health [1–3]. 
Copper is among the most widely applied metals in various 
industries including electrical, electroplating, pesticide and 
fertilizer production, wood manufacturing, and pigment 
industries. The rapid development of these industries and the 
rampant application of Cu(II)-based herbicides, algicides, and 
molluscicides in the agricultural sector have led to the accu-
mulation of Cu2+ ions in the environment [4–6]. Unlike some 
pollutants, copper and several other toxic heavy metals are 
persistent in the environment and are non-biodegradable [7]. 

High levels of Cu2+ ions have been found to result in hepatic, 
renal and cerebral diseases, kidney damage and anemia, and 
even possibly leading to death [8,9].

In recent years, a range of conventional treatment tech-
nologies have extensively been investigated for the removal 
of heavy metals and the reduction of their toxic effects. These 
have included biological methods, membrane processes, 
electrodialysis, ion exchange, chemical precipitation, and 
reverse osmosis [10–12]. Many of these methods suffer from 
disadvantages such as high operating costs, high sludge vol-
ume, and the production of secondary pollutants, and are 
often unfeasible because of their high costs in reducing Cu2+ 
at low concentrations. More recently, there have been some 
reports on the use of inorganic adsorbents for separating and 
removing heavy metals from aqueous solutions. Regarding 
their availability, cost-effectiveness, stability against oxida-
tion and reduction conditions, and the possibility of recy-
cling, inorganic adsorbents are economically viable [13,14]. 
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Traditional inorganic adsorbents with a low surface area lose 
their ability to absorb. Thus, it seems to be a necessary step 
to make high capacity adsorbents which serve a fast and easy 
removal of contaminants. One of the outstanding character-
istics of the fast-emerging nanotechnology is the high surface 
area to volume ratio of nanomaterials [15]. Because of these 
exceptional features and other unique properties such as high 
reactivity, nanoparticles are considered as appropriate means 
to eliminate pollutions in either in situ or ex situ approaches. 
The application of nanoparticles, compared with other con-
ventional methods, ensures a more cost-effective and a more 
rapid purification process for wastewater remediation.

Hydroxyapatite, with the chemical formula of 
Ca10(PO4)6(OH)2, Hap as its symbol, and the most import-
ant member of the calcium phosphate family, is not only the 
major mineral in the composition of the bone, dentin, and 
enamel, but it also has a wide range of applications in the 
medical field [16]. Besides, other characteristics of hydroxy-
apatite such as the ability to incorporate a variety of heavy 
metals into its crystal structure, its high biocompatibility 
and very low solubility in water as well as its high stabil-
ity against oxidation and reduction conditions make it a 
prominent adsorbent to be used in remediation of all types 
of industrial wastewater contaminated with heavy metals. 
Applications of Hap as a powerful material for the adsorp-
tion of heavy metals have widely been reported in previous 
studies [16,17]. However, in case of this strong adsorbent, the 
common drawback is the inconvenience to separate it after 
adsorption by the pollutant.

In this regard, magnetic separation technology is a new 
methodology used as a simple, fast, efficient, and economi-
cal method for the separation and preconcentration of envi-
ronmental contaminants. Other advantages of this method 
include the large active surface area and the high adsorption 
capacity, as well as the ability to process a solution contain-
ing suspended solids hence producing less secondary waste 
[18,19]. In addition, magnetite can be easily separated by 
an external magnetic field. This extraordinary advantage is 
especially useful for the recovery or reuse of the magnetic 
nanoparticles [18,19].

Although studies on environmental clean-up by means 
of magnetic hydroxyapatite have been conducted in recent 
years, but they are limited [20] and further studies are needed 
to lead to an effective application of the absorbent in clean-
ing up the environment. Therefore, the superparamagnetic 
hydroxyapatite (SPM/Hap) nanocomposite adsorbent was 
synthesized (by co-precipitation), characterized, and used as 
the adsorbent material for removing Cu2+ ions from aqueous 
solutions. First, the optimum adsorption conditions were 
determined as a function of the solution’s pH, the contact 
time, the initial concentration of Cu2+, and the adsorbent dos-
age. Further, isotherms and kinetics were investigated, and 
the adsorption capacity of SPM/Hap to Cu2+ was evaluated.

2. Materials and methods

2.1. Materials

FeCl2·4H2O, FeCl3·6H2O, NH4OH (25%), Ca(NO3)2·4H2O, 
(NH4)2HPO4, and ethylenediaminetetraacetic acid (EDTA) 
were purchased from Merck, Germany. All solutions for the 

metal adsorption experiments were prepared using their 
nitrate salts. Deionized water was used throughout all the 
experiments. All other chemicals were of analytical grade and 
were used without further purification.

2.2. Synthesis and characterization of SPM/Hap

In this study, the SPM/Hap nanocomposite was syn-
thesized by co-precipitation method according to Feng et 
al.’s study [21] with some modification. First, iron salts of 
Fe(III) and Fe(II) (in a 2:1 molar ratio) were dissolved in 
30 mL of deoxygenated water under nitrogen atmosphere at 
room temperature, and then 10 mL of 25% NH4OH solution 
was added to the ferrous solution under N2 with vigorous 
mechanical stirring (500 rpm) for 15 min, producing iron 
oxide dark solids immediately. A suspension of Fe3O4 
(2.1 wt%) was added to the mixture solution of Ca(NO3)2 
with (NH4)2HPO4 in a molar ratio of 5:3 (the whole Ca/P 
mole ration of the mixture was 1.67). After mechanical stir-
ring for 30 min, 25% NH4OH solution was added to the 
mixture while the pH was kept above 11.0. The resulting 
dark brown suspension was heated at 110°C for 2 h and 
then the mixture was cooled to room temperature and kept 
for 24 h in stagnant. The obtained magnetic Hap compos-
ite adsorbent was separated by an external magnetic field 
and washed repeatedly with deionized water until the pH 
was neutral. The dried composite particles were obtained 
after the products were dried for 24 h in a vacuum drying 
oven. Then the dark brown magnetic power was calcined at 
200°C in order to increase the porosity and specific surface 
area of the adsorbent. The resulting products were the SPM/
Hap adsorbents. Physicochemical features of the SPM/Hap 
nanoparticles are listed in Table 1.

The adsorbent SPM/Hap was characterized using a X-ray 
diffractometer (XRD; Model PW 1830/40, Philips, Germany) 
with CuKα (λ = 1.5418 Å) incident radiation over the 2θ range 
of 10°–80° at room temperature with a step size of 0.02°. The 
size and morphology of SPM/Hap were investigated by the 
field emission scanning electron microscopy (FESEM; Model 
VEGAII, XMU, Tescan, Czech Republic). To study the chem-
ical structure of the samples, Fourier transform infrared 
spectroscopy (FTIR; Model Bomen/MB102, ABB Company, 
Switzerland) was used. To this end, the samples prepared 
from 1:80 Hap–KBr mixtures (by weight) were compacted 
into pellet form and then scanned from 4,000 to 400 cm−1. The 
magnetization measurements were performed at room tem-
perature using a vibrating sample magnetometer (VSM).

Table 1
Physicochemical properties of SPM/Hap nanoparticles

Parameters Values

Brunauer–Emmett–Teller surface area (m2 g–1) 372.5
Ca (wt%) 25.4
P (wt%) 11.9
Hap content (wt%) 63.7
Ca/P molar ratio 1.67
pHZPC 6.5 ± 0.2
Particle size (nm) 19 ± 2
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2.3. Adsorption of Cu2+ experiments

Laboratory batch experiments were carried out to study 
the adsorption behavior of the SPM/Hap for Cu2+ ions at room 
temperature (25°C ± 1°C) using 150 mL Erlenmeyer flasks 
containing 50 mL of Cu2+ solution. An appropriate amount 
of SPM/Hap was added to 50 mL of the corresponding Cu2+ 
solution over a period of time on a shaker at 150 rpm. After 
the adsorbent was separated magnetically, the quantitative 
analysis of Cu2+ in an aqueous solution was performed using 
a flame atomic absorption spectrometer (Vario 6, Analytik 
Jena, Germany). In this study, the effect of various parameters 
such as the solution’s pH, the amount of adsorbent, the initial 
concentration of the Cu2+, and the contact time were investi-
gated. All the experiments were performed in triplicate and 
the averaged values were recorded. For the experiment of pH 
effect, the adsorption of Cu2+ by SPM/Hap was investigated 
at the pH range of 2.0–8.0. The initial pH of the solution was 
adjusted by using 0.1 M HNO3 and 0.1 M NaOH. Except for 
the experiment of pH effect, the pH of all the original solu-
tion was controlled at 5.0–6.0. The initial Cu2+ concentration 
of 10 mg L–1 was used for the adsorption experiments consid-
ering the low concentration (0–10 mg L–1) of heavy metals in 
natural water. Adsorption isotherm studies were conducted 
by 0.0015–0.1 g SPM/Hap with 50 mL Cu2+ solution contain-
ing 10 mg L–1 Cu2+ in 150 mL Erlenmeyer flasks. To achieve 
the saturated adsorption, the sample solution was shaken for 
1 h at 150 rpm and 25°C ± 1°C, and then the concentrations of 
the metal ions were analyzed.

Adsorption kinetic experiments were carried out by the 
batch adsorption method at 25°C ± 1°C. A series of samples 
were prepared by mixing Cu2+ solution (50 mL, 10 mg L–1) 
with 0.05 g SPM/Hap in 150 mL Erlenmeyer flasks. Samples 
were withdrawn from the shaker at different time intervals 
(1–120 min) and analyzed for the determination of metal ion 
concentrations. The feasibility of the applied adsorbent was 
examined through the adsorptive reaction with Cu(II) in the 
acid mine drainage (AMD) of Sarcheshmeh Copper Complex 
(Kerman, Iran). The basic features of AMD are reported in 
Supplementary Table 1.

The adsorption capacity (qe) and the removal efficiency 
(R) of Cu2+ were obtained via the following equations:

q
C C V
me

o e=
−( )  (1)

R
C C
C
o e

o

=
−

×100  (2)

where qe (mg g–1) is the amount of Cu2+ ions adsorbed onto 
the unit amount of the adsorbent, Co and Ce (mg L–1) are the 
initial and equilibrium Cu2+ ion concentrations, respectively, 
V (L) is the volume of the solution, and m (g) is the adsorbent 
mass in dry form.

During the desorption and reuse study, appropri-
ate SPM/Hap was set into the 150 mL Erlenmeyer flasks 
containing metal ion solutions (50 mL, 10 mg L–1). They 
were then shaken severely using a horizontal shaker for 
approximately 2 h. In the next step, the SPM/Hap samples 
loaded with metal ions were separated magnetically and 
cleansed sequentially via both distilled and deionized 

water several times in order to eliminate the concentration 
of unattached metal ions. The removal efficiency of ions 
was determined using an atomic absorption spectrome-
try instrument and was calculated according to Eq. (2). In 
the desorption experiments, the reacted adsorbents with 
the adsorbate were mixed in 100 mL of EDTA solutions 
(0.05 M) at pH 3.0 and 5.0, followed by five sequential 
sorption/desorption cycles.

2.4. Adsorption isotherm and kinetic models

With regard to the adsorptive remediation of water and 
wastewater containing contaminants such as heavy metals, 
it is essential to know the removal rate for the design and 
the quantitative evaluation of the adsorbent. In addition, the 
kinetics describes the adsorbate uptake rate which controls 
the residence time of the adsorbate uptake at the adsorbent–
solution interface. Therefore, it is important to be able to 
predict the metallic ion uptake removal rate from aqueous 
solutions in order to design an appropriate adsorption unit.

To determine the parameters of the isotherm and kinetic 
models, the Cu2+ adsorption data were fitted to the non-lin-
ear kinetic and isotherm models using MATLAB® 7.11.0 
(R2010b), with successive interactions calculated by the 
Levenberg–Marquardt algorithm. Since the unwanted falsi-
fication of error distribution occurs due to data transforma-
tion to a linear form, the nonlinear method is superior to the 
linear one in determining the parameters of the isotherm and 
kinetic models [19,22].

In this study, four widely used adsorption isotherm mod-
els (Langmuir, Freundlich, Redlich–Peterson, and Liu) and 
six general adsorption kinetic models (pseudo-first-order 
equation of Lagergren, pseudo-second-order equation of Ho, 
Elovich, fractional power function, Avrami fractional order, 
and intraparticle diffusion model) were used to describe the 
adsorption equilibrium and the adsorption kinetics of Cu2+ 
onto SPM/Hap nanoparticles, respectively [18]. All the used 
mathematical isotherm and kinetic models have been sum-
marized in Supplementary Table 2.

2.5. Models fitness

To select of the most suitable kinetic and isotherm model, 
it is necessary to evaluate their validity. Here, the validity of 
the kinetic and isotherm models were assessed by such crite-
ria as the determination coefficient (R2), the adjusted deter-
mination coefficient (R2

adj), the sum squared error (SSE), and 
the root mean square error (RMSE) [18,23]. These criteria 
describe the goodness of fit between the experimental and 
predicted data. The best model was chosen based on the low-
est RMSE and SSE, as well as with R2

adj and R2 as close as 
possible to one. R2, R2

adj, SSE, and RMSE can be calculated 
according to Supplementary Table 3.

3. Results and discussion

3.1. Adsorbent characterization

Fig. 1(a) shows the X-ray diffraction pattern of the SPM/
Hap adsorbent. There are five characteristic peaks for Hap 
(2θ = 25.87°, 31.74°, 39.75°, 46.61°, and 49.47°) and four for 
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Fe2O3 (2θ = 35.43°, 53.67°, 56.94°, and 62.53°). This pattern 
indicates that the diffraction peaks (0566-074-01 ICSD) and 
(00-013-0458 ICDD) are in agreement with the standard card 
of hexagonal hydroxyapatite (P63/m) and the tetragonal 
structure of γ-Fe2O3, respectively.

Magnetization of the synthesized SPM/Hap nanocom-
posite was studied in the range of ±10,000 Oe using a VSM. 
As shown in Fig. 1(b), the saturation magnetization (Ms) and 
the coercive force (Hc) were estimated to be 2.83 emu g–1 

and 0 Oe, respectively. These magnetic properties are lower 
than bulk γ-Fe2O3 particles (Ms = 74 emu g−1 and Hc = 500–
800 Oe) but they are almost in accordance with previous 
reports [24]. As can be seen from Fig. 1(b), the remanence 
of the synthesized SPM/Hap is almost zero, demonstrating 
the superparamagnetic behavior of the nanocomposite. This 
behavior prevents SPM/Hap nanoparticles from aggrega-
tion, enabling them to redisperse rapidly when the magnetic 
field is removed [24] and allowing the magnetic separation 

Table 2
Kinetic parameters for Cu2+ adsorption using SPM/Hap adsorbent (conditions: pH 5.5 ± 0.1, adsorbent dose 1.0 g L–1, Cu2+ 10 mg L–1, 
25°C ± 1°C)

Adsorption kinetic models Parameters (unit) Values R2
adj RMSE SSE

Pseudo-first-order (Lagergren) 
q q k tt e f= − −( exp( ))1

kf (min–1) 2.085 0.9999 0.03546 0.01006
qe (mg g–1) 9.99

Pseudo-second-order (Ho) 

q
k q t
q k tt
s e

e s

=
+

2

1

ks (g mg–1 min–1) 0.78 0.9982 0.1318 0.1389

qe (mg g–1) 10.09

Elovich 

q tt = +( )ln( )1 1
β

αβ

α (mg g–1 min–1) 18,230 0.8708 1.126 10.14

β (g mg–1) 1.33

Avrami fractional order  

q q k tt e AV
nAV= − − }{1 exp[ ( )]

kAV (min–1) 6.08 0.9806 0.436 1.33

qe (mg g–1) 9.83

nAV 5.74

Fractional power function 

q att
b=

a (mg g–1 min–b) 9.42 0.9906 0.303 0.7346

b 0.015

Intraparticle diffusion 

q k t Ct id= +
1
2

kid (mg g–1 min–0.5) 0.306 0.08951 2.989 71.49

C 7.342

Table 3
Isotherm parameters for Cu2+ adsorption using SPM/Hap adsorbent (conditions: pH 5.5 ± 0.1, adsorbent dose 0.03–2.0 g L–1, 
Cu2+ 10 mg L–1, 25°C ± 1°C)

Adsorption isotherm models Parameters (unit) Values R2
adj RMSE SSE

Langmuir 

q
K q C
K Ce
L m e

L e

=
+1

qm (mg g–1) 247.6 0.996 5.3 224.6

KL (L mg–1) 2.87

Freundlich

q K Ce F e
n=
1

 

KF (mg g–1) 
(mg L–1)–n

159 0.93 22.06 3,894

n 2.664

Redlich–Peterson

q
K C
a Ce
RP e

RP e
g=

+1

KRP (L g–1) 698.3 0.995 5.65 223.3

aRP (L mg–1) 2.792

g (0 < g < 1) 1.009

Liu 

q
q K C

K Ce
m g e

n

g e
n

L

L
=

+

( )

( )1

qm (mg g–1) 243.0 0.996 5.54 214.9

Kg (L mg–1) 3.018

nL 1.045
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of  SPM/Hap by the application of an external magnetic field 
within a short time.

SEM image in Fig. 1(c) shows the morphology and the 
particle size of magnetic nanoparticles. As seen in the figure, 
the prepared nanoparticles are almost spherical in shape 
and loosely agglomerated. The agglomeration of the parti-
cles may be due to the decreased particle size as well as the 
increased surface energy of the particle. Mean particle size 
of SPM/Hap is 19 ± 2 nm. Because of the superparamagnetic 
properties of the SPM/Hap, this nanoparticle has a broad 
range of applications in industrial catalysis, environmental 
protection, biomedicine, and bioengineering in all of which it 
prevents particle agglomeration and enables the particles to 
redisperse rapidly when the magnetic field is removed.

FTIR was done to confirm the formation of the bonds 
in SPM/Hap structure. Fig. 1(d) shows the FTIR spec-
trum of the SPM/Hap nanoparticles. The adsorption band 
at 566 cm–1 can be referred to as the bending modes of the 
bonds in the phosphate group. The apparent band at around 
1,022–1,100 cm–1 is attributed to the O–P–O asymmetrical 
stretching in the phosphate group. The broadband at around 
3,000 and 3,500 cm–1 is assigned to the hydroxyl group bend-
ing mode. The FTIR studies show that the required bonds 
have been formed in sample structures. 

3.2. Cu2+ adsorption

3.2.1. Effect of solution pH and copper removal mechanism

The aqueous solution’s pH plays a key role in the 
 adsorption processes of heavy metals. The effect of pH on 
the adsorption of Cu2+ by SPM/Hap nanoparticles is shown 
in Fig. 2. A maximum Cu2+ removal was observed at pH 
5.0–6.0 and a decline in the adsorption capacity was observed 
in acidic conditions. The removal efficiency by SPM/Hap 
increased from 65.4% to 98.0% with an increase in pH from 
2.0 to 6.0. However, the removal efficiency remains almost 
constant at higher pH values.

The most possible reason for justification of this phenom-
enon is principally rooted in two common reactions which 

are, in essence, able to remove Cu2+ from aqueous solu-
tions. Initially, the most effective mechanism involved in the 
adsorption of Cu2+ onto the adsorbent is the so-called surface 
complexation of SPM/Hap which has a robust correlation 
with the changes of pH values in the solution. Surface com-
plexation reaction can be explained as follows:

≡CaOH2
+ ↔ CaOHo + H+  (3)

≡PO− + H+ ↔ POHo  (4)

In low initial pH values range (i.e., below pHZPC = 6.5), 
the protonation of surface ≡PO− and ≡CaOHo groups led to 
the dropping of the amount of protons, which resulted in 
an increase in the final pH values (see Fig. 2). These results 
are confirmed by other studies on the sorption of heavy met-
als on hydroxyapatite [20,25]. Moreover, the existence of 
≡CaOH2

+ and neutral ≡POHo sites with apparently positive 
charges brought about the creation of such positive regions 
in the corresponding pH values. Thus, the lower adsorption 
of Cu2+ at lower pH values can be ascribed to the increase of 
positive surface charge on SPM/Hap with decreasing solu-
tion pH, which created an unfavorable surface complexation 
of the Cu2+ on the adsorbent surface compared with the net 
negative charge sites. As a result, the removal efficiency of 
Cu2+ obviously declined in pH values less than 3.0 (Fig. 2). 
In addition, the smaller adsorption capabilities of SPM/Hap 
at lower pH levels are probably due to the significant com-
petition between Cu2+ and hydrogen ions for the adsorption 
sites [26,27]. Moreover, another reason for a decrease in Cu2+ 
removal efficiency in acidic pH conditions would be ascribed 
to the promotion of the dissolution of Hap nanoparticles. 
In this regards, we observed that the adsorbent dosage was 
decreased in such acidic pH values. 

For a better understanding of the mechanism of Cu2+ 
adsorption on SPM/Hap, the pH variation before and after 
adsorption as well as the Cu2+ and Ca2+ ion concentrations 
were monitored in a series of experiments with different 
initial concentrations of Cu2+ (Fig. 3). Moreover, blank tests 

Fig. 1. (a) X-ray diffractograph (SPM/Hap (1) Cu2+-loaded SPM/
Hap (2)), (b) magnetization curve, (c) SEM image, and (d) FTIR 
spectra of the prepared SPM/Hap nanocomposite.

Fig. 2. Relationship between initial pH and final pH value 
obtained after equilibration of SPM/Hap with Cu2+ solution and 
the copper removal efficiency by SPM/Hap adsorbent (contact 
time 60 min, adsorbent dose 0.25 g L–1, Cu2+ 10 mg L–1, 25°C ± 1°C).
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were performed by mixing the SPM/Hap composite with an 
aqueous solution without Cu2+ ions at pH 5.0. The final pH 
value of the solution was approximately the same as at the 
beginning and equal to the zero point charge (pHZPC) (6.5) of 
the adsorbent due to the buffer capacity of SPM/Hap.

pHZPC is defined as the pH value of the suspension, at 
which the protonic net surface charge is equal to zero. Since 
the pHZPC of SPM/Hap is 6.5, the surface of the SPM/Hap is 
positively charged at pH 5.0, which is unfavorable for Cu2+ 
uptake. Therefore, adsorption of Cu2+ onto the adsorbent in 
this pH range is unexplainable by the electrostatic attraction 
mechanism. The significant difference between the amount 
of Cu2+ uptaken and Ca2+ released (see Fig. 3) indicates that 
adsorption mechanisms other than ion exchange and dis-
solution–precipitation may play a key role for the uptake 
of Cu2+. As shown in Fig. 3, the final pH value dropped as 

the uptaken Cu2+ ions increased. The total quantities of the 
displaced H+ are equivalent to the amount of metal ions 
disappearing from the solution. The pH decline in equilib-
rium indicates that H+ ions are liberated from the surface 
≡POH sites of SPM/Hap into the solution as a result of being 
replaced with Cu2+ according to the following reactions, 
which, to some extent, confirms the contribution of surface 
complexes to the overall sorption mechanism [20,28].

SPM/Hap−OH + Cu2+ ↔ SPM/Hap−O−Cu+ + H+  (5)

2SPM/Hap−OH + Cu2+ ↔ (SPM/Hap−O)2Cu + 2H+  (6)

Secondly, ion-exchange reaction between the adsorbed 
Cu2+ and Ca2+ of SPM/Hap is assumed to be the next likely 
cause of Cu2+ removal. The ion-exchange reaction can be 
expressed via the following equation:

Cu2+
(s) + ≡Ca2+

(H) → ≡Cu2+
(H) + Ca2+

(s) (7)

where subscripts (s) and (H) denote solution and SPM/
Hap phases, respectively. The metal in the solution (Cu2+

(s)) 
replaces a surface Ca2+ of the adsorbent (≡Ca2+

(H)). Therefore, 
the acidic pH values, primarily leading to their undeniable 
role on the enhancement of Cu2+ concentration in aqueous 
solutions and inhibiting the ion exchange of Cu2+ with Ca2+ 
of the adsorbent, can significantly decline the adsorption of 
Cu2+ onto the surface of SPM/Hap. According to other reports, 
the Ca2+ ions in hydroxyapatite can be easily ion exchanged 
with many other metal ions [20,25]. The ionic radius of Cu2+ 
(0.073 nm) is significantly smaller than that of Ca2+ (0.099 
nm). It is reasonable, therefore, that Ca2+ ions can be easily 
substituted in the HAP crystal lattice. Fig. 1(a)(2) presents 
the XRD patterns of Cu2+-loaded SPM/Hap. Phase analyses 
of the solid residue with maximum uptake capacity of Cu2+ 
after exposure to a 100 mg L–1 Cu2+ solution showed neither 
the structural changes of nano-SPM/Hap nor the shift of the 
SPM/Hap peaks in XRD which is possibly the result of an 
ion exchange in the SPM/Hap structure [25]. Conversely, the 
crystallite size of SPM/Hap was calculated based on the peak 
broadening of the XRD diagram through Scherrer’s formula 
as follows [29,30]:

D k
hkl

hkl

=
λ

β θ1
2
Cos

 (8)

where k is defined as a dimensionless constant which is dif-
ferent with actual shape of crystalite and is selected to be 
0.9 for elongated Hap crystallites, λ is the CuKα radiation 
(λ = 0.15418 nm) wavelength, β1/2 corresponds to full width 
at half maximum (FWHM) for the peak hkl (rad) and θhkl is 
Bragg angle (in degree). The line broadening of the (211) 
(2θ = 31.74) reflection was applied to determine the mean 
crystal size. 

The degree of crystallinity, Xc, can be expressed as the 
fraction of the crystalline phase in a sample volume. The 
equation below describes a practical relationship between 
Xc and β½ as follows:

Fig. 3. (a) Adsorbed Cu2+, released Ca2+, and final value of solu-
tion pH at different initial concentration of Cu2+, (b) adsorbed 
Cu2+ against released Ca2+, and (c) adsorbed Cu2+ via surface com-
plexation (SC) and ion-exchange (IE) mechanisms (reaction time 
60 min, adsorbent dose 1.0 g L–1, initial solution pH 5.5 ± 0.1, 
25°C ± 1°C).
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where KA is a constant set at 0.24 and β1/2 is the FWHM of 
the (211) reflection (in degree). The crystallite size for SPM/
Hap and Cu2+-loaded SPM/Hap obtained at 5.62 and 4.72 nm, 
respectively. Additionally, the crystallinity degree of SPM/
Hap and Cu2+-loaded SPM/Hap was 0.0044 and 0.0025, respec-
tively. The decrease in the values of crystallinity and crystal-
lite size of SPM/Hap was observed after copper adsorption. 
The most probable proof of this evidence is an inconformity 
between the ion size of Cu2+ and Ca2+. Since the radius of 
Cu2+ ions (0.072 nm) differ from radius of Ca2+ (0.099 nm), it 
will distort the crystallinity of SPM/Hap [48]. The obtained 
results confirm ion-exchange mechanism [25]. The results of 
present study quite match with Miyaji et al.’s research [31] 
who found an indirect relationship between crystallinity and 
increase in Zn concentration. In similar research, Meski et al. 
[25] reported a sharp reduction in the crystallinity and crys-
tallite size of Hap with Zn2+ adsorption.

To prove this assumption, Ca2+ ion concentration was 
monitored in a series of experiments with different initial 
concentrations of Cu2+ to verify whether the Ca2+ was released 
in the solution after the equilibrium adsorption process. As 
shown in Fig. 3(a), the concentration of Ca2+ in the solution 
increased significantly after Cu2+ adsorption (from 6.24 to 
69.33 and 6.99 to 1,483 µmol L−1 for 10 and 500 mg L−1 Cu2+ 
solutions, respectively). Additionally, Fig. 3(b) shows a linear 
relationship between sorbed Cu2+ and released Ca2+ with 
significantly high coefficient of determination (R2 = 0.988).

Thus, it can be concluded that there was also an ion- 
exchange mechanism in the adsorption process of Cu2+ by 
SPM/Hap in addition to surface complexation [21]. However, 
based on the findings of batch experiments, the ion exchange 
was not the dominant mechanism in the process of Cu2+ 
adsorption. According to Fig. 3(c), the influence of ion 
exchange was relatively half of the surface complexation pat-
tern on the adsorption of Cu2+ in aqueous solution. 

Even though it is likely that part of the released Ca2+ in 
the solution is due to dissolution and precipitation mecha-
nisms by the formation of a copper-containing hydroxyap-
atite, given the lack of any structural changes of nano-SPM/
Hap peaks in XRD after exposure to a 100 mg L–1 Cu2+ solu-
tion with maximum uptake capacity of Cu2+, it is suggested 
that the dissolution–precipitation mechanism probably does 
not play a role in the removal of copper.

The high removal efficiency of Cu2+ at pH values higher 
than 6.0 may be attributable to the precipitation of Cu(OH)2 
rather than the adsorption of Cu2+ by SPM/Hap. Therefore, the 
optimum pH for Cu2+ ion sorption is found in the pH range of 
5.0–6.0, which is in accordance with previous reports [26,29]. 
Further experiments performed at pH 5.5 confirm that SPM/
Hap is an efficient adsorption material for the removal of 
Cu2+ from natural water.

3.2.2. Effect of adsorbent dosage

SPM/Hap adsorbent doses of 0.03–2.0 g L–1 were eval-
uated to determine the effect of dosage on the adsorption 
capacity. Fig. 4 shows the effect of adsorbent dosage on 

the removal of Cu2+. The Cu2+ removal efficiency increased 
from 66.8% to 99.3 % with the increase in SPM/Hap dosage 
from 0.03 to 0.25 g L–1 (Fig. 4). No further increases in Cu2+ 
removal efficiency were observed at any dosage greater than 
0.25 g L–1. Thus, 0.25 g L–1 was determined to be the optimal 
adsorbent dose for Cu2+ removal with SPM/Hap. The increase 
in the adsorption as a result of increasing the adsorbent dose 
may be attributable to the increase of available active sites 
and a higher surface area available at higher adsorbent dose 
for a constant initial value of Cu2+ concentration. However, 
too high adsorbent dose can cause aggregation of adsorbent, 
resulting in a decrease of the total surface area of the adsor-
bent and the availability of active sites [7].

3.2.3. Effect of contact time and adsorption kinetics

The adsorption of Cu2+ on SPM/Hap was also studied as 
a function of contact time in order to find out the equilibrium 
time for maximum adsorption. Fig. 5 shows the adsorption 
capacity and the percentage removal of Cu2+ for initial con-
centration of 10 mg L–1 by SPM/Hap (1.0 g L–1). The initial 
adsorption rate of Cu2+ onto SPM/Hap was rapid, reaching 
equilibrium at 5 min (Fig. 5). The maximum adsorption 
occurred at the first 5 min, and then the sorption rate reached 
a constant value, which is probably due to plentiful sorption 
sites and large surface area available for the adsorption of 
Cu2+ on SPM/Hap. This may as well be attributed to the exter-
nal surface adsorption. Thus, 5 min was determined as the 
optimal contact time for Cu2+ adsorption onto SPM/Hap. In 
the subsequent experiments, the contact time of 30 min was 
chosen to ensure reaching equilibrium. This indicates that a 
significant part of the adsorption sites of the adsorbent exist 
in the exterior of the SPM/Hap nanoparticles and are easily 
accessible by Cu2+ species, thus resulting in a rapid approach 
to equilibrium.

Kinetics describes solute uptake rates and defines the res-
idence time of the adsorbate at the solid–liquid interface as 
well. Additionally, valuable insights into the reaction path-
ways and the adsorption mechanisms can be achieved via 
kinetic studies. Kinetic experiments were performed using 
the SPM/Hap dosage, the solution pH, and the initial Cu2+ 

Fig. 4. Effect of adsorbent dosage on the adsorption of Cu2+ by 
SPM/Hap (contact time 60 min, pH 5.5 ± 0.1, Cu2+ 10 mg L–1, 25°C 
± 1°C).
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concentration of 1.0 g L–1, 5.5 and 10 mg L–1, respectively, at 
25°C ± 1°C (Fig. 5).

As shown in Fig. 5, Cu2+ uptake seemed to occur in two 
steps. The first step involved extremely fast metal uptake 
within the first 2 min of contact followed by the subsequent 
removal of Cu2+, which continued for a relatively short period 
of time until adsorption equilibrium was obtained. The fitting 
plots using six kinetic equations are shown in Fig. 6, which 
were simulated with 99% confidence bounds using non-linear 
equations of pseudo-first-order, pseudo-second-order, frac-
tional power function, Elovich, Avrami fractional order, 
and Weber–Morris intraparticle diffusion kinetic models. 
The kinetic parameters acquired from non-linear fitting 
results are presented in Table 2. Based on the higher values 
of the adjusted determination coefficient (R2

adj > 0.99) and 
the lower values of the SSE < 1.0 and the RMSE < 1.0, it can 
be concluded that the kinetic models of pseudo-first-order, 
pseudo-second-order, and fractional power function 
kinetic models were the most appropriate to represent the 
Cu2+ adsorption onto SPM/Hap nanoparticles. Also, the 

calculated equilibrium adsorption capacity (qcal) for the 
pseudo-first-order and pseudo-second-order kinetic models 
(9.99 and 10.09 mg g–1, respectively) were well approximated 
to the experimental value (qexp) (10 mg g–1), indicating bet-
ter suitability of these kinetic models to describe adsorption 
kinetics of Cu2+ onto SPM/Hap. Nonetheless, the highest R2

adj 
and lowest RMSE and SSE values for the pseudo-first-order 
kinetic model in Table 2 suggest this model can be used to 
represent the kinetic uptake of Cu2+ onto SPM/Hap.

Our results, however, are somewhat inconsistent with 
other studies. According to other reports [4,7], the adsorp-
tion of the Cu2+ ions on different used adsorbents follows 
the pseudo-second-order kinetic reaction better than the 
pseudo-first-order one. However, all of these studies have 
employed linear models instead of nonlinear ones. In the 
case of pseudo-second-order kinetics, the results from the 
five linear equations of pseudo-second-order kinetic model 
were entirely different (data not shown). Also, the fact that 
the best and the worst fit of experimental kinetic data in 
pseudo-first-order kinetics was achieved via using non-linear 
and linear equations, respectively, suggests the kinetics is 
transforming to the worse while linearizing the non-linear 
kinetic equations (linear data not shown). Over the past 
decades, the linear least squares method to the linearly trans-
formed kinetic equations has been developed as a major 
option for the prediction of optimum kinetic and the evalua-
tion of the model parameters. However, recent investigations 
have indicated that the unwanted falsification of error dis-
tribution occurs due to data transformation to a linear form. 
Therefore, the nonlinear approach is superior to the linear 
one for estimating the adsorption kinetic parameters [22].

3.3. Adsorption isotherms

The adsorption isotherms are usually considered as feasi-
ble tools to understand the adsorption process. In this work, 
experimental data were fitted to four widely used isotherm 
models; namely, Langmuir, Freundlich, Redlich–Peterson, 
and Liu using non-linear equations (see Fig. 7). The parame-
ters obtained from the studied isotherms are given in Table 3.

The high adjusted correlation coefficient (R2
adj) and the low 

RMSE and SSE values indicated that the experimental data 
fitted satisfactorily the Liu, Langmuir, and Redlich–Peterson 
(R–P) models. Although based on the R2

adj, RMSE, and SSE, 
the Redlich–Peterson (R–P) model was among the best iso-
therm models for Cu2+ adsorption by SPM/Hap adsorbent, 
the fact is that since g is greater than 1, this isotherm model is 
invalid. Both Liu and Langmuir models showed (Table 3) the 
highest R2

adj and lowest RMSE and SSE values, which means 
that the q fit by the isotherm model was close to the q mea-
sured experimentally. The Langmuir model assumes that 
the sorption of metal ions onto the surfaces of the adsorbent 
happens through a monolayer adsorption on a homogeneous 
surface without mutual action between the adsorbed and the 
free metal ions [32]. The Liu isotherm model, in addition, is 
intrinsically a mixture of both the Freundlich and Langmuir 
models where the concepts of monolayer adsorption hypoth-
esis of Langmuir and adsorption of metal ions onto the het-
erogeneous surfaces of adsorbents, which are specifically 
rooted in the Freundlich model, were relatively adjusted. 
Based on the Liu model assumptions, all reactive sites onto 

Fig. 5. Effect of contact time on the Cu2+ ions adsorption onto 
SPM/Hap (adsorbent dose 1.0 g L–1, pH 5.5 ± 0.1, Cu2+ 10 mg L–1, 
25°C ± 1°C).

Fig. 6. Non-linear adsorption kinetics curves of Cu2+ by SPM/Hap 
adsorbent (pH 5.5 ± 0.1, adsorbent dose 1.0 g L–1, Cu2+ 10 mg L–1, 
25°C ± 1°C).
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the surfaces of the adsorbent have no similar energy. Hence, 
the adsorbent would have several reactive sites that tend to 
be occupied with the adsorbate molecules [33]. Considering 
various functional groups on the SPM/Hap, our results show 
that the active sites of the SPM/Hap will not naturally be able 
to share the same amount of energy.

Based on the Liu and Langmuir models, the maximum 
amount of Cu2+ uptake by SPM/Hap adsorbent were 243.0 
and 247.6 mg g–1, respectively. These values indicate that 
SPM/Hap is a unique adsorbent for Cu2+ removal from aque-
ous solutions. In the Langmuir model, KL represented the 
degree of adsorption affinity between the adsorbate and the 
adsorbent. The high enough KL value for SPM/Hap indicated 
a strong affinity of Cu2+ (Table 3). Additionally, the adsorp-
tion capacities of Cu2+ ions removal by means of various 
adsorbents are presented in Table 4, which apparently con-
firms the higher potential of SPM/Hap to remove the Cu2+ 
from aqueous solutions.

3.4. Design of batch sorption from isotherm data

The schematic diagram of a batch sorption system is rep-
resented in Fig. 8. From this figure, it can be seen that the Cu2+ 
solution with the initial volume of (V) and the concentration 
of (Co) reached equilibrium and declined to Ce.

During the batch adsorption system, desirable quantity 
(m) of SPM/Hap was poured into the solution and the amount 
of adsorbed metal ions were transformed from qo to qe. To 
find the mass balance, the following equation was used:

V C C m q qo e o e−( ) = −( )  (10)

The obtained data of the adsorption experiments were 
followed closely by the Liu isotherm model. Consequently, 
the abovementioned equation (Eq. (8)) can be rearranged as 
follows:

m
V

C C
q

m
C C C V

C
o e

e

o e e

e

=
−

=
−( ) +( )

⇒
1 3 2

775 6

1 05

1 05

.

.

.

.
 (11)

3.5. Application of SPM/Hap for removal of the Cu2+ from acid 
mine drainage

The adsorption study was conducted to evaluate the 
removal efficiency of Cu2+ from AMD by means of SPM/Hap 
as an adsorbent. In this regards, some samples containing 
68.9 mg L–1 of Cu2+ were gathered from Sarcheshmeh Copper 
Complex wastewater (Kerman, Iran; see Supplementary 
Table 1). Afterwards, adsorption experiments were carried 
out in several plastic bottles containing a mixture of 50 mL 

Fig. 7. Non-linear fit of experimental data obtained using 
Langmuir, Freundlich, and Liu isotherm models.

Table 4
Comparison of maximum adsorption capacity (qm) for Cu2+ with 
various adsorbents

Adsorbent qmax 
(mg g–1)

References

Chemically modified orange peel 15.27 [34]
Modified litchi pericarp 23.70 [7]
Activated carbon/chitosan 
composite

74.35 [35]

Posidonia oceanica biomass 76.92 [8]
Chitosan/clay/magnetite 14.3 [36]
Nano-Fe3O4 8.90 [27]
Nanohydroxyapatite/chitosan 
composite

26.11 [37]

Alginate-immobilized bentonite 
clay

131.6 [4]

EDTA functionalized Fe3O4 46.27 [26]
Magnetite nanorods 79.10 [38]
Hydroxyapatite 125 [39]
Ag/ZnO on glass (flower-like) 837.7 [40]
Activated biochar 222.2 [41]
Hardwood (jarrah) biochars 4.39 [42]
Mesoporous silica adsorbent 
(Fe-N,N-SBA15)

29.9 [43]

SPM/Hap 247.6 Present 
work

V, Co V, Ce 

m, qo 

m, qe 
Fig. 8. Batch sorption process.
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of AMD and 1.0 g L–1 of adsorbent. The suspensions were 
then stirred vigorously at room temperature (25°C ± 1°C) 
and 150 rpm. The results of Cu2+ adsorption using SPM/Hap 
at both synthetic solution and AMD have been reported in 
Fig. 9. Accordingly, SPM/Hap represents a high capacity to 
adsorb Cu2+ onto the surfaces. Hence, it can be concluded 
that SPM/Hap is a cost-effective and promising adsorbent to 
remove Cu2+ from industrial wastewaters.

3.6. Desorption studies and reusability

Desorption experiments can be considered as an appro-
priate tool to recover the adsorbed metal ions from the adsor-
bent surfaces. Furthermore, it will enhance the reusability 
of the adsorbent to adsorb more metal ions and will also 
improve the sorption process [44].

%DR
C
C
des

ads

= ×100  (12)

where %DR is the desorption ratio, Cads is the amount of 
Cu2+ sorbed on the adsorbent, and Cdes is the amount of Cu2+ 
desorbed from the adsorbent.

Desorption experiments were performed in a batch 
system with Cu2+ solutions (50 mL, 10 mg L−1) using 0.05 M 
EDTA solution as the eluent [21,45,46]. From Table 5, it can 
be seen that the adsorption/desorption experiments were car-
ried out during five successive cycles and the removal effi-
ciency of the adsorbent showed a slight decline (nearly 17% 
and 10% at pH 3.0 and 5.0, respectively) and still remained in 
the range of 77.5%–90% at the fifth cycle. Wholly, the ratio of 
Cu2+ desorption for pH 3.0 and 5.0 were over 92.7% (±3.4%) 
and 87.8% (±2.3%), respectively. In addition, numerous stud-
ies have reported large elution efficiency figures for sev-
eral heavy metals, especially Cu2+, by means of EDTA as an 
eluent [46]. The findings of the desorption survey confirmed 
that no considerable loss could be observed in the perfor-
mance of SPM/Hap nanoparticles over at least five cycles of 
adsorption/desorption, which proved the reusability of SPM/
Hap nanoparticles in adsorbing heavy metals from contam-
inated waters.

4. Conclusions

Aiming at the removal of Cu2+ adsorptive from aque-
ous solutions, SPM/Hap nanoparticles were successfully 
synthesized, characterized and applied in a batch system. 
Considering the batch experiments, the sorption process of 
Cu2+ onto the surfaces of SPM/Hap seems to be a pH depen-
dent process where the maximum amount of Cu2+ removal 
efficiency was obtained at pH 5.0–6.0. The surface complex-
ation of SPM/Hap and ion exchange were found two most 
effective mechanisms involved in Cu2+ uptake from aqueous 
solution. Moreover, kinetic studies of the adsorption of Cu2+ 
onto the surfaces of SPM/Hap by means of various general 
kinetic models were investigated. The sorption seems to be 
governed by chemical forces rather than physical electrostatic 
interactions, possibly best described by the pseudo-first- 
order kinetic model, where the rate limiting step is assumed 
to be the chemical sorption between the adsorbate and the 
adsorbent. The results of equilibrium studies, in addition, 
show that the obtained data of Cu2+ adsorption were well 
described by both the Langmuir and Liu models with a high 
coefficient of correlation (R2 = 0.996) and the sorption capac-
ity of 247.6 mg g–1. The desorption of Cu2+ together with the 
feasible recovery of SPM/Hap was performed by the applica-
tion of EDTA as eluent with the high efficiency of 88%–93%. 
Ultimately, the results clearly indicated that the SPM/Hap 

Fig. 9. Adsorptive removal efficiency of Cu2+ using SPM/Hap at 
synthetic and AMD solution (experimental conditions: solution 
pH 4.3 ± 0.1, adsorbent dose 1.0 g L–1, reaction time 30 min, 
Cu2+ concentration 68.9 mg L–1, and experimental temperature: 
25°C ± 1°C).

Table 5
Repeated adsorption of Cu2+ ions using SPM/Hap nanoparticles (initial concentration 10 mg L−1, SPM/Hap 1.0 g L−1, contact time 
60 min, 25°C ± 1°C)

Cycle number pH 3.0 pH 5.0
Removal efficiency (%) Desorption ratio (%) Removal efficiency (%) Desorption ratio (%)

1 94.5 (±2.3) 97.6 (±0.4) 99.9 (±0.0) 90.7 (±0.9)
2 90.8 (±1.9) 94.5 (±0.6) 98.7 (±0.4) 89.4 (±0.7)
3 85.0 (±0.5) 92.1 (±1.2) 94.5 (±0.5) 88.0 (±1.1)
4 81.1 (±1.3) 90.5 (±0.7) 91.1 (±0.6) 86.1 (±0.2)
5 77.5 (±0.8) 89.0 (±1.5) 89.9 (±0.2) 85.0 (±0.7)
Mean 85.8 (±6.9) 92.7 (±3.4) 94.8 (±4.4) 87.8 (±2.3)
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nanoparticles could be easily synthesized as a cost-effective, 
environmentally friendly, and robust adsorbent, and could 
be a very attractive candidate for the removal of toxic metals 
from waters and wastewaters.
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Supplementary information

Table S1
The characteristics of the acid mine drainage (AMD)

pH EC 
(µS cm–1)

Ca 
(mg L–1)

Mg 
(mg L–1)

Na 
(mg L–1)

SO4
2– 

(mg L–1)
Fe 
(mg L–1)

Mn 
(mg L–1)

Cu 
(mg L–1)

Zn 
(mg L–1)

Al 
(mg L–1)

Ni 
(mg L–1)

Cd 
(mg L–1)

4.3 2,045 112 29.5 29.5 1,187 1.78 34.5 68.9 12.5 45.5 0.85 0.12

Table S2
Mathematical equations of the used isotherm and kinetic adsorption models

Model Equation Parameter and dimension

Isotherm models
Langmuir

q
K q C
K Ce
L m e

L e

=
+1

qm (mg g–1)
KL (L mg–1)

Freundlich
q K Ce F e

n=
1 KF (mg g–1) (mg L–1)–n

n: model exponent 

Redlich–Peterson
q

K C
a Ce
RP e

RP e
g=

+1

KRP (L g–1)
aRP (L mg–1)
g (0 < g < 1)

Liu
q

q K C

K Ce
m g e

n

g e
n

L

L
=

+

( )

( )1

Kg (L mg–1)
nL 

Kinetic models
Pseudo-first-order (Lagergren) q q k tt e f= − −( exp( ))1 kf (min–1)

qe, qt (mg g-1)

Pseudo-second-order (Ho)
q

k q t
q k tt
s e

e s

=
+

2

1

ks (g mg–1 min–1)
t: time (min)

Elovich
q tt = +( )ln( )1 1

β
αβ

α (mg g–1 min–1)
β (g mg–1)

Fractional power function qt = atb a and b: model constants
Avrami fractional order

q q k tt e AV
nAV= − − }{1 exp[ ( )]

kAV (min−1)
nAV 

Intraparticle diffusion q k t Ct id= +
1
2

kid: the intraparticle diffusion rate constant (mol g−1 min−0.5).

Note: qo is the maximum adsorption capacity (mg g–1) and KL is the adsorption equilibrium constant (L mg–1). KF and n are the adsorption 
capacity and the adsorption intensity, respectively. aRP, KRP, and g are Redlich–Peterson constants, and the values of g lies between 0 and 1. For 
g = 1, R–P equation convert to Langmuir form. When aRP and bRP are much greater than unity, the equation can transform Freundlich form.
Parameters kf (min–1) and ks (mg g–1 min–1) are rate coefficient for pseudo-first-order and pseudo-second-order kinetic models, respectively. 
α is the initial adsorption rate (mg g–1 min–1) and β is the adsorption constant (g mg–1). kAV and nAV are the Avrami rate constant (min–1) and 
fractional reaction order (Avrami), respectively. kid (mg g–1 min–0.5) is the constant rate of intraparticle diffusion and C is the constant depicting 
the boundary layer effects. a (mg g–1 min–b) and b are the fractional power kinetic model constants. qe and qt (mg g–1) are adsorption capacity 
at equilibrium and at time t, respectively.
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Table S3
List of coefficients of determination and error functions

Goodness of fit criteria Abbreviation Definition/expression

Determination coefficient R2

R
q q q q

q q

i i i i
i

n

i

n

i i

2

2 2

11=
−( ) − −( )

−

==
∑∑ ,exp ,exp ,exp ,

,exp ,e

calc

xxp( )
=
∑

2

1i

n

Adjusted determination 
coefficient

R2
adj

R R n
n padj

2 21 1 1
= − −( ) −

−








.

Sum squared error SSE
SSE calc= −( )

=
∑ q qi i
i

n

i
, ,exp

1

2

Root mean square error RMSE

RMSE
calc

=
−( )

=
∑ q q

n

i i
i

n

,exp ,

2

1

Note: qi,calc is each value of q predicted by the fitted model, qi,exp is each value of q measured experimentally, q i,calc is the average of qi,calc, q i,exp is 
the average of q measured experimentally, n is the number of experiments performed, and p is the number of parameters of the fitted model. 
The best model is the model with the lowest RMSE and SSE, as well as with R2

adj and R2 close to one.


