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a b s t r a c t

Capacitive deionization (CDI) is an upcoming technique that can replace existing processes for 
removing and recuperating metal ions from dilute industrial waste waters. CDI removes ions via 
electrosorption on to its electrode surfaces, the efficiency of which is a function of CDI electrode 
properties that progressively change during continued operation. As such a need exists to develop a 
model to predict CDI performance over elongated periods which is independent of electrode prop-
erties and has negligible error values. By applying a first order non-linear dynamic model (FONDM)
with inputs independent of the electrode characteristics, we propose a universal model that can 
predict CDI ion adsorption capacity with changes in applied potential, flow rate and electrolyte tem-
perature to within 5% of the experimentally obtained results. The model was verified using activated 
carbon cloth (ACC) as a test electrode and aqueous sodium chloride solution as electrolyte, with a 
good prediction for ion electrosorption efficiency and time dependent electrosorption dynamics. 
The simplicity of the model makes it easy to adapt for various applications and in the development 
of intelligent control systems for CDI units in practical settings.
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1. Introduction

Manufacturing industries produce a large quantity of 
metal ion contaminated wastewater that can pollute the 
environment [1]. Industrial processes like adsorption, ion 
exchange and chemical precipitation are often used for the 
removal of hazardous elements, but small amounts of metal 
ions are difficult to remove by these classical processes. Par-
ticularly the recovery of heavy metal ions from dilute 
solutions is considered to be a key problem, requiring com-
mercially viable solutions to circumvent ion concentration 
processes prior to its removal [2]. Capacitive deionization 
(CDI) is a plausible solution which works by electro-ad-
sorption of water borne charged species (ions) on electri-

cally polarized electrodes at low applied potentials [3–10]. 
As electrosorption capacity is proportional to the surface 
area of the electrodes taking part in the ion adsorption 
process, activated carbon based materials are the primary 
choice for CDI electrodes [11–16]. Besides the electrode sur-
face area, water temperature, flow rate, ion concentration 
etc., affect the ion electrosorption capacity [17,18], making 
CDI efficiency estimation models important to save time 
and cost. CDI models are typically developed on the princi-
ple of an electric double layer (EDL) formation at the elec-
trode-electrolyte (water) interfaces [19], theory of which has 
been established through the classical reports of Helmholtz, 
Gouy, Chapman, Stern, Debye, Hückel and others [20]. 
Modified Donnan model (mD) [21,22] is one such model 
which uses electrode thickness, pore distribution, chemical 
and electronic charge etc., to estimate ion adsorption capac-
ity and dynamics with changes in ion concentration and 
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applied potential [23–27]. Other modeling techniques have 
relied on Poisson’s and Nernst-Planck equations [28] or dif-
ferential equations (with and without analytical solutions) 
[25,29,30] to successfully model CDI behavior taking into 
account electrode and device parameters like cell resistance, 
columbic efficiency, capacitance etc. [31–33].

In this work, we have developed an analytical model 
based on CDI device performance to predict the time 
dependent ion adsorption capacity for a CDI device, inde-
pendent of the physical, chemical or electronic properties of 
the device or the electrode. The method is verified for CDI 
device constructed with activated carbon cloth and sodium 
chloride (NaCl) as a test electrode solution respectively. 
Due to its independence of device and electrode variables, 
the present model will be particularly useful for upscaling 
and designing field operational CDI systems.

2. Model

2.1. Prior considerations

A typical conductivity curve obtained from the CDI 
device used for this work, illustrating the operational 
regimes (adsorption/desorption) of a CDI process is shown 
in Fig. 1. For this experiment, the CDI unit is switched to 
desorption mode after the point of minimum conductiv-
ity is reached, for energy efficient CDI operation [34]. The 
model focuses on the period prior to the minimum conduc-
tivity point (at which the process is quasi-stable for a brief 
period), which corresponds to the maximum ion adsorp-
tion rate, subsequent to which the energy efficiency of the 
ion-removal process decreases rapidly. Using this period 
the model builds up an analytical solution to dynamically 
predict the conductivity value prior to and at the quasi-sta-
ble state of CDI operation.

2.2. Model development

A closer look at Fig. 1 indicates that the rate of change 
of conductivity of the CDI cells at time ‘t+x’ depends on the 

initial value at (t = 0) and the value at time ‘t’. Thus a lin-
ear system identification technique based on step responses 
is applied to develop first order and second order linear 
dynamic models for the system. In these models, the over-
damped response is approximated by a first order stable 
linear dynamic system and the under-damped response by 
the second order stable linear dynamic system [35,36]. The 
conductivity response in the adsorption region illustrated 
in (Fig. 1) can be represented by an over-damped linear 
dynamic system with an output that has an additive por-
tion of the input [4,5]. For the CDI cell, the input variables 
considered for the model are electrical conductivity (at time 
‘t’), voltage (volts), temperature (°C) and volume flow rate 
(mL/min) which are an additive part of the conductivity (at 
time (t + x) and the output variable of interest is the electri-
cal conductivity during electrosorption. Thus the CDI cell 
step response is represented by:

C t C KP e t t( ) = + −( )− ( )
0 1 α   (1)

The impulse response of the above equation can be 
given by, 

C t a t C t C a t KP( ) = − ( ) ( ) −( ) + ( )0  (2)

where C(t) represents the conductivity as a function of time 
t, P is one of the input variables, C0= C(t0) is the initial value 

of conductivity, C t
dC t

dt
( ) =

( )
 is the time derivative of C(t), 

K, α(t) and a(t) are the unknown CDI cell parameters. The 
impulse response Eq. (2) is introduced to obtain the time 
varying dynamic model of the CDI system. This model 
also approximates the nonlinear behavior of the unknown 
variables.

During ion adsorption, electrical conductivity behav-
ior suggests that α(t) > 0. Intuitively, α(t) should be a time 
dependent function of all the variables represented by P. 
However, this would lead to computational difficulties 
in the identification process. Therefore, to develop a sim-
ple algorithm for estimating the unknown parameters, we 
assigned α(t) as a polynomial of order n, i.e.

α αt t
j

p

j
j( ) =

=
∑

0
 (3)

and

a t
d t t

dt
j t

k

p

j
j( ) =

( )
= +( )

=
∑ α

α
0

1  (4)

where p and j represent positive integers and p is the order 
of the polynomial α(t) and a(t). The motivation behind the 
choice is that most of the static bound continuous functions 
can be approximated by the polynomials [37]. The polyno-
mial α(t) captures the effects of unknown variables in the 
CDI system that can cause variation in the dynamic behav-
ior of the system. It is important to note that the identifica-
tion of polynomial α(t) does not need measurement of the 
variables like surface area, porosity, roughness, pore path 
arrangement etc. The effect of these variables cumulatively 
appears in the conductivity output of the CDI device.

It can be observed that Eq. (1) is the solution of the non-
linear dynamic Eq. (2) upon inserting the value of C(t) in Eq. 

Fig. 1. Typical conductivity curve of a continuous flow between 
CDI cell showing the desalination and regeneration regions.
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(2). This leads to reducing the problem of simple estimation 
of the unknown parameters K and αj.

2.3. Estimation of unknown parameters (K and αj)

Let us consider ˆ , ˆ ˆK t a tα( )  ( )and  as the estimates of K, 
α(t) and a(t). It is presumed that the data is collected over 
a uniform sampling period ∆T and, where, ∆T satisfies the 
Shanon criterion. The sampled time instance tk is given by tk 
= k∆T, where k is a positive integer. Thus the following rela-
tionship can be used for the prediction of the conductivity 
at any discrete instance tk, following the equation as given 
below:

C t C KP ek
t tk k( ) = + −( )− ( )

0 1ˆ α̂  (5)

If we assume that column vector C = [C0, C1, …, Cn]
T is 

the data of the electrical conductivity at constant sampling 
time instance tk, C can be acquired by computer data acqui-
sition system as Ck ≈ C(tk). It is also reasonable to consider 
that some of the data in the vector C belongs to the steady 
state region (minimum outlet conductivity) of the electro-
sorption region. The average of the steady state region thus 
can be expressed by Ce,

C
n i

Ce
k i

n

k=
− + =

∑1
1

 (6)

where Ce represents the estimate of the theoretical final 
value CF (i.e. CF ≈ Cf), Cf is the measured steady state value. 
All the values of Ck in Cs = [Ci, Ci+1, …, Cn] are in the vicinity 
of CF (i.e. Ck = Ce +ek), ek represents measurement noise in the 
steady state and CF is defined by,

C C t C KP e C KPF t t

t t= ( ) = + −( )( ) = +
→∞ →∞

− ( )lim lim 0 01 α  (7)

The parameter K̂  can thus be obtained using Eq. (7) 
and definition of Cf, 

K K
C C

P
f≈ = −ˆ 0  (8)

In order to obtain α(t) polynomial, we perform alge-
braic operations on Eqs. (5) and (8) to derive,
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Using Ck ≈ C(tk), α(tk) can be given by
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Using Eq. (10), the column vector 
α α α α=  ( ), ( ), , ( )t t tn

T

0 1   can be easily computed. Let 

us define, ˆ ˆ ˆ ˆ( ), ( ), , ( )α α α α=  t t tn

T

0 1   and an error vector, 

e = −α̂ α. The e t tk
j

p

j k
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∑

0

α  is the kth element of vector α̂. 

Then, we consider an error function ϕ α α αˆ , ˆ , ˆ .0 1 0 5 p
Te e( ) = . 

Therefore, if the error vector follows the normal probability 
distribution, then the minimization of ϕ α α αˆ , ˆ , ˆ

0 1  p( ) yields 
p linear independent equations, called normal equations. 
These normal equations can be written in the matrix form 
as A A AT Tα̂ α= . Where, matrix is given by,
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The solution of these normal equations is a vector

ˆ ˆ ˆ ˆ[ , , ]α α α α α= = ( )−

0 1

1
 p

T T TA A A  (11)

The elements of this vector are the estimates of the 
coefficients of the polynomial α(t) This estimation process 
is referred to as l2 approximation or norm2 estimation [37]. 
The selection of the degree p of the polynomial α̂ t( ) is an 
important iterative process. A mean square error δa, accept-
able to the performance of CDI cell is used to determine p. 
The mean square error can then be defined by:

δ =
+

− ( )
=

∑1
1 0

2

n
C C t

k

n

k k( )  (12)

Once the parameter α̂ t( )  is determined, then the esti-
mate of a(t) can be obtained using Eq. (4) as

ˆ
ˆ

ˆa t
d t t

dt
j t

k

p

j
j( ) =

( )
= +( )

=
∑α

α
0

1  (13)

The flow chart of the algorithm is given below in Fig. 2:

3. Experimental

The capacitive deionization (CDI) cell was fabricated by 
sandwiching a pair of ACC electrodes between two acrylic 
supports (10 mm thickness each). A spacer medium com-
prising of two layers of cellulose with pore dimensions 
around 25 μm and an approximate thickness of ~ 500 μm 
(for two layers) was inserted between the carbon electrodes 
(Fig. 3).

FM-100 activated carbon cloth (ACC) from Zorflex with 
an average thickness of 1.0 mm and a BET specific surface 
area of about 1200 m2/g [38,39] was used as CDI electrodes. 
All ACC samples were cleaned with hot 2 M nitric acid 
(HNO3) at 115°C for 12 h following which the samples were 
thoroughly rinsed with deionized water and dried. The 
activated carbon cloth (ACC) used for the electrodes have 
a total pore volume of 1.42 cm3 g–1; of which 0.56 cm3 g–1 is 
comprised of micropores, 0.86 cm3 g–1of macropores and 
0.001 cm3 g–1 of mesopores. Graphite plates and rods for cur-
rent collection and potential application are contacted with 
the ACC electrodes via holes drilled in the acrylic. The ACC 
electrodes were 8.5 cm2 each, giving a total electrode area of 
~ 17 cm2 (2 electrodes) per CDI cell. 
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Ion-adsorption studies with different applied voltages 
were conducted on equilibrated ACC electrodes using the 
flow through CDI cell described above. The experiments 
were carried out with 1 g L–1 sodium chloride (NaCl) solu-
tion in DI water at flow rates ranging from 2 mL min–1 to 
5 mL min–1, and DC potentials ranging from 1.6 VDC to 3.0 
VDC. Heidolph pump drive 5201 was used to control the 
flow rate. For temperature dependent measurements, saline 
feed temperature was measured and controlled at the input 
of the CDI cell. Real time conductivity data was recorded 

using eDAQ ET916 online conductivity probe with a cell 
volume of 93 μl, coupled to a single channel conductivity 
isopod (EPU357). Desalination efficiency (DSE %) is calcu-
lated as follows:

DSE
C C

C
f%( ) =

−
×0

0

100  (14)

where C0 and Cf are the initial and final conductivity of 
saline (NaCl) solution

4. Results

4.1. Desalination results

To demonstrate the suitability of the nonlinear dynamic 
model, we extract the experimental conductivity data from 
the CDI system with different applied potentials, flow rates 
and temperatures as shown in Fig. 4. Desalination efficiency 
(DSE) increases quasi-linearly with applied cell potential up 
to 3.0 VDC as shown in Fig. 4a. The electrolysis of water 
which reduces charge efficiency, occurs at 1.23 V (against a 
standard hydrogen electrode), typically limiting the operat-
ing potential to 1.2–1.5 VDC [5,40,41]. However, the upper 
limit of cell potential is a function of the material induced 
over potential (additional energy required for electrolysis), 
which in the case of ACC is ascertained to be 1.6 VDC based 
on the pH measurements (Fig. 4a). Below the applied volt-
age of 1.6 VDC, pH changes are negligible, while beyond 
this value a significant change is observed, attributed to 
water electrolysis and other complex reactions taking place 
at the electrode surfaces. However for practical purposes 
1.6 VDC is chosen as the upper level of applied potential.

At a constant cell potential of 1.6 VDC, increased elec-
trolyte flow rate led to linear decrease in the DSE of the CDI 
cell, from 50% at 1 mL min–1 to 10% at 5 mL min–1 (Fig. 4b), 
attributed to the effect of two simultaneous ion transport 
forces existing within the CDI cell. The first acts perpendic-
ular to the electrode surface and is an integral function of 
the concentration gradient induced ion diffusion and the 
cell potential governed electro migration of the ions. The 
second acts tangentially (convective) to move the ion later-
ally across the electrode surface and is proportional to the 
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Fig. 2. Flow chart.

Fig. 3. On the left is a schematic illustration of the CDI cell structure used for the experiments. AC stands for activated carbon. On 
the right is an image of the CDI cell.
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electrolyte flow rate. Upon increasing the flow rate, the tan-
gential transport component of the ion movement increases, 
reducing the time available for ion adsorption to give a cor-
responding decrease in the desalting efficiency (Fig. 4b).

Desalination efficiency displays a more complex nature 
with changes in the electrolyte temperature. Typically, the 
efficiency is inversely proportional to the thickness of the 

electrical double layer, which in turn is proportional to the 
electrolyte temperature. Thus an increase in temperature of 
the electrolyte leads to a reduction in the DSE. However, 
the results in Fig. 4c indicate that the desalination efficiency 
initially increases with temperature up to ~50°C, beyond 
which a decrease is observed. The decrease at higher tem-
peratures is as per the equations governing the electrical 
double layer principles, but the initial increase in DSE is 
unexpected. 

While no obvious reasons for this trend can be estab-
lished, it is hypothesized that electrolyte viscosity and 
mobility of the ions are responsible for these changes. 
Migration of ions to the respective electrodes (upon apply-
ing a cell potential) is accompanied by friction in the oppo-
site direction due to solvent viscosity. Considering Stokes’ 
expression which relates friction force ‘F’ and viscosity of 
electrolyte ‘η’ (F = 6πηrν for ions with radius ‘r’ and veloc-
ity ‘ν’), it can be observed that the friction force decreases 
with a decrease in electrolyte viscosity. Typically for water, 
the viscosity changes from 1.138 cP at 15°C to 0.379 at 75°C 
(at 25°C = 0.890 and 50°C = 0.547 cP); almost 50% reduction 
in viscosity at 50°C when compared to room temperature 
(25°C). The reduced viscosity also increases ion mobility 
and promotes improved access to the predominantly micro-
porous ACC surface for ion adsorption, possibly explaining 
the initial increase in desalting efficiency with temperature. 
However a further increase in temperature widens the elec-
trical double layer (EDL) thickness, leading to a reduction 
of the amount of ions stored in the EDL and hence the asso-
ciated desalination efficiency. Thus the response of a CDI 
cell is a balance between increased ion adsorption due to 
viscosity and mobility and decrease due to EDL widening. 
Below 50°C the former has a greater effect than the latter, 
leading to increase in desalination efficiency, while above 
50°C the wider EDL leads to a net reduction in the DSE.

4.2. Verification of the model

The model parameters (K and α(t)) are extracted from 
the individual conductivity plots plotted for various input 
parameter combinations(Figs. 5a, 6a and 7a). To improve 
model accuracy, the % absolute error is set to a maximum 
of 5% for all the cases. The estimated values of constant ‘K’ 
and time dependent nonlinear parameter ‘α(t)’ are listed in 
Table 1.

Using model 1, the magnitude and rate of change of 
ionic conductivity for applied potentials of 1.2 V and 0.8 
V are predicted (based on equation parameters from the 
experimental points obtained for CDI process using 1.6 V) 
as shown in Figs. 5b and 5c. The predicted values are within 
3% of the experimentally recorded ionic conductivities 
obtained for the applied potentials of 0.8 and 1.2 V.

The increase in error % with deviation from the potential 
at which ‘K’ and ‘α(t)’ are deduced (1.6 VDC) can be under-
stood by analyzing the correlation of the model parameters 
to the CDI process. Typically a change in applied potential 
results in a change of the electrode capacitance and charge 
efficiency. In the model, these changes are represented by 
the constant ‘K’, which is the coefficient for potential depen-
dent capacitance and charge efficiency of the process, along 
with the time dependent non-linear function ‘α(t)’, which is 
the coefficient for potential dependent ion adsorption rate.

Fig. 4. Experimental results of desalting efficiency (DSE) and 
rate with changes in (a) cell potential; (b) flow rate of electrolyte 
and (c) temperature of electrolyte in degree Celsius. All experi-
ments are performed using a 1 g L–1 NaCl electrolyte in DI water. 
Lines serve to guide the eye.
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As both the total salt adsorption capacity and rate are 
over estimated for 0.8 VDC, it appears that the surface 
charge density and hence ‘K’ is over estimated, which also 
results in over estimation of the initial ion adsorption rate 
represented by ‘α(t)’. This could possibly explain the minor 
increase in error % as the value of applied potential devi-
ates further from the point at which (‘K’ and ‘α’) were ini-

tially extracted. Nonetheless even with a 50% change in the 
applied potential, the maximum error % is only 2.0%, sug-
gesting that the model is perfectly applicable for potential 
ranges viable for CDI operation.

Similarly, model 2 was used to predict changes in con-
ductivity trends for flow rates of 3 mL min–1 and 5 mL 
min–1 (Figs. 6b and 6c), respectively, and model 3 to predict 

Fig. 6. Experimental and math model predicted conductivity 
trends for electrolyte flow rates of (a) 2 mL min–1; (b) 3 mL min–1 
and (c) 5 mL min–1. The parameter values were extracted from 
the experimental conductivity curve at 2 mL min–1 and subse-
quently used to predict the desalting trends at 3 mL min–1 and 
5 mL min–1. Experiments were conducted at 25°C at an applied 
potential of 1.6 VDC.

Fig. 5. Experimental and math model predicted conductivity 
trends for applied potential magnitudes of (a) 1.6 VDC; (b) 1.2 
VDC and (c) 0.8 VDC. The parameter values were extracted 
from the experimental conductivity curve at 1.6 VDC and sub-
sequently used to predict the desalting trends at 1.2 VDC and 
0.8 VDC. Experiments were conducted at 25°C at a flow rate of 
3 mL min–1.
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conductivity trends at an electrolyte temperature of 50°C 
(Fig. 7b).The error percentages for the predicted values lie 
well within the set limits of 5% range (< 4% in all cases) pro-
viding a good approximation of the recorded experimental 
data. The discrepancy observed for 3 mL min–1 can be pos-
sibly explained due to over estimation of the initial rate at 
which ions move toward the electrode surface (‘α’), while 
the capacitance represented by (‘K’) is correctly predicted as 
observed by the quasi steady state conductivity. Since these 
values correlate well with the predicted conductivity curve 

at 5 mL min–1, it appears that there are exchanges that occur 
at the electrode-water interface at 3 mL min–1 which pres-
ently cannot be explained. It is also to be noted that for con-
ductivity trends for variations in electrolyte temperature, 
the model was used to predict desalination efficiency with 
temperatures varying from 15°C to ~50°C. Beyond 50°C, the 
salt removal trend reverses and thus new ‘K’ and ‘α’ values 
would need to be identified for this regime, before predict-
ing the desalination efficiency for higher temperatures. 

Hence by incorporating a simple curve fitting technique, 
an accurate and applicable mathematical equation to predict 
changes in ion adsorption trends with respect to changes 
in the applied potential, flow rate and electrolyte tempera-
ture are obtained. This method is a simpler approach to 
extracting not only the ion adsorption efficiencies as has 
been achieved by models reported in the literature [29–32], 
but also generates a good dynamic approximation of the 
adsorption rates which can be very helpful in setting the 
optimal operational point of an existing system. 

5. Conclusion

In conclusion, an analytical model to describe the tran-
sient adsorption behavior of a CDI device is developed 
and verified. The model extracts its arguments from the 
ionic conductivity curve during the ion removal process 
and predicts the time dependent ion adsorption dynamics 
and capacity of an activated carbon cloth (ACC) electrode 
with changes in the applied potential, flow rate and elec-
trolyte temperature with negligible errors. It is found that 
the ion-adsorption efficiency is directly proportional to 
applied potential, inversely proportional to flow rate of the 
electrolyte and has a complex nature with temperature with 
a trend reversal at 50°C. The experimental and theoretical 
results confirm the validity of the model and possible future 
applications in predicting the performance of CDI systems.
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