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a b s t r a c t
One of the most important structures in urban areas is an efficient sewer system to protect humans 
and the environment from the detrimental effects of wastewater. Such sewer systems often consist 
of pipes, manholes, pumping stations, and other complementary units. Strict monitoring of the 
sewer system is highly essential as any leakage can cause undesirable effects on health and safety. 
The layout is modeled as a graph which contains all sewer links and satisfies all the restrictions of 
a sanitary sewer system. In this work, we apply centrality measures on the sewer network system 
and water distribution system and also analyze the vulnerability of these systems.
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1. Introduction

Sewer systems and water supply networks are the most 
important structures in a modern town. The main under-
ground infrastructure is sewer systems and water supply 
networks. It is not easy to determine the actual condition 
of the assets. The maintenance and rehabilitation of sewer 
systems depend on the consequences of visual inspections 
[1]. Sewer systems and water supply systems are networks 
which consist of many elements. Sewer systems involve 
manholes, pipes, pumping stations, and other complemen-
tary parts. It can be separated into three categories based 
on the water carried, such as a sanitary sewer system, a 
combined sewer system, and a storm sewer system [2]. 
The performance of the network depends on the working 
of the individual elements. The rank of an element for the 
network depends on the features of the element and its loca-
tion in the network. Graph Theory is one of the important 

mathematical theories and it can be applied in many fields. 
Graph representation of sewer networks and water distri-
bution networks are computationally very effective and, in 
most applications, shortest path and minimum spanning 
tree algorithms are used. A network is simplified by a graph 
and its connectivity in vertices and edges [3]. Water sup-
ply networks, sewer systems, electricity networks are typ-
ical examples of graphs consisting of links and nodes. The 
structure of the network can be represented by hydrological 
models graphs. The use of the graph theory is to analyze 
the criticality of conduits in sewer networks [4]. A graph can 
be represented by G = (V,E), where V(G) is the set of nodes 
and E(G) is the set of edges. An edge can be represented 
by the ordered pair (u,v), where u and v are the end verti-
ces of the edge. Adjacency matrix and Incidence matrix are 
used to represent the graphs. The elements of the adjacency 
matrix show every pair of vertices that are adjacent or not in 
the graph. The incidence matrix has the rows and columns 
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labelled by the vertices and edges, respectively. If a value 
is different from zero, the labelled vertex corresponding to 
that row is an end vertex of the labelled edge correspond-
ing to that column. If the edges are directed then the graphs 
are called directed graphs. That is, every edge (u,v) has an 
arrow from vertex u to vertex v, otherwise, the graphs are 
called undirected graphs. If the edges of a graph are related 
with some numerical values, then the graph is called a 
weighted graph. A graph is called a connected graph if there 
exists a path between every pair of vertices, otherwise it is 
called a disconnected graph. A loop is an edge that connects 
a vertex to itself. A sewer network system can be modeled 
by a graph, each manhole is represented by a node and each 
link represented as a edge. A graph that consists of all pos-
sible nodes (manholes) and edges (sewer links) is called a 
base graph [5]. A sewer system contains all manholes, and 
all sewer links and are not allowed to contain loops. In this 
work, we apply centrality measures on the sewer network 
system and water distribution system and also analyze 
the vulnerability of these systems.

2. Centrality measures

Centrality is considered as an important measure in a 
complex network. Centrality measures such as degree cen-
trality, closeness centrality, betweenness centrality, and 
eigenvector centrality highlight the significance of certain 
nodes in the networks. The measure of centrality is out-
lined by Bavelas [6] for connected graphs. Stress centrality is 
introduced based on the shortest path by Shimbel [7], Katz 
centrality was introduced by Katz [8] to measure the rela-
tive degree of influence of a node in the network. Freeman 
[9] identified three type measures: an absolute, comparative 
measure of centrality for locations of network and the third 
one which is a degree of centralization for the entire network. 
The idea of transmitting information between any two ver-
tices in a connected network was developed by Stephenson 
and Zelen [10]. Another measure to identify centrality by the 
idea of network flows was explained by Freeman et al. [11]. 
Geodesic centrality measures were generalized for between-
ness for an undirected graph to more directed graphs by 
White and Borgatti [12]. Everett and Borgatti [13] extended 
the standard three centrality measures for the application in 
groups and classes and also as individuals. Subgraph cen-
trality was explained by Estrada and Rodriguez-Velazquez 
[14] to measure the number of times of a vertex involve in 
the various connected subgraph of the network. Rodriguez 
et al. [15] simplified the subgraph centrality as functional 
centrality. It is done based on the idea that closed walks are 
correctly weighted so that their influence on the centrality 
reduces as the order of the walk increases. Some unique 
properties were also shared by Bonacich [16] for eigenvector 
centrality. Opsahl et al. [17] discussed improving the mea-
sures of centrality for the weighted network. Joyce et al. [18] 
developed a new centrality called leverage centrality and 
used it to analyze the human brain network. Kitsak et al. [19] 
explained k-shell decomposition and proposed that the key 
spreaders stay within the core of the network. The mixed 
degree decomposition method was proposed by Zeng and 
Zhang [20] by using residual degree and also exhausted 
degrees. Neighborhood coreness centrality which ranks all 

the nodes of a network was introduced by Bae and Kim [21]. 
Liu et al. [22] discussed an nth step neighborhood centrality 
to find an influential node in a complex network. Thus to 
find a more accurate ranking list of influential nodes. Wang 
et al. [23] proposed weighted neighborhood centrality.

2.1. Degree centrality

The degree centrality introduced by Nieman (1974) [24] 
and it is defined for a node is that the number of links con-
nected to that node. A node with higher degree centrality 
is assumed to be more influential because it is connected to 
more number of vertices. A node with higher degree cen-
trality is in relation to many other vertices, so it has more 
choices to communicate with the other nodes of the network. 
By having many edges connected to it, this node may have 
access to other parts of the graph easier than the vertices 
with less degree. This vertex is with more possibility subject 
to the risk of catching the information or material flowing 
through the graph because of more edges and possible more 
paths pass-through this vertex. Let G be a connected graph. 
The degree centrality of a node v is defined as the number of 
nodes directly linked to this node. (i.e.) the degree centrality 
is given by CD(v) = deg(v) and the normalization is defined 
as deg(v)/(n–1).

2.2. Closeness centrality

The concept of Closeness centrality [25] is that a vertex 
v is more influential if it can communicate with all the other 
vertices in the graph quickly. Closeness centrality uses the 
length of the geodesic distances between all pairs of ver-
tices. The closeness centrality of a node v is calculated by 

C v
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u V

( ) = ( )
∈
∑

1
,

, where V is the set of vertices in the graph 

and d(u,v) is the geodesic distance between the vertices u  
and v. The normalization of a closeness centrality is given by
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2.3. Betweenness centrality

Betweenness centrality performs a vital role in the eval-
uation of social networks. Betweenness centrality is bene-
ficial as a measure of the capacity of a vertex for manage 
of conversation. Betweenness centrality indicates the bet-
weenness of a vertex in a community and it measures the 
quantity to which a vertex lies on the shortest paths between 
pairs of other vertices. In many real-global conditions it has 
pretty a tremendous role. Finding betweenness is easy and 
simple when the best one geodesic connects every pair of 
vertices, where the intermediate vertices can completely 
manipulate communication among pairs of others. But 
when there are numerous geodesics connecting a couple 
of vertices, the state of affairs becomes more complex and 
the control of the intermediate vertices gets fractionated. 
The significance of the concept of vertex centrality is in the 
capacity of a vertex for control of information flow in the 
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network. Positions are regarded as structurally critical to the 
degree to which they stand among others and might, there-
fore, facilitate, obstruct, or bias the transmission of messages.

The betweenness centrality of a vertex v is defined as

C v
v

B
s v t

st

st

( ) = ( )
≠ ≠
∑

σ

σ
, (2)

where σst is the number of geodesics between s and t and 
σst(v) is the number of geodesics between s and t that passing 
through the node v. The normalized betweenness centrality 

is given by ′ ( ) = ( )
( )C v

C v
C vB
B

BMax
. High position scores indicate 

that a vertex lies in a substantial fraction of the shortest ways 
connecting pairs of vertices.

2.4. Eigenvector centrality

Eigenvector centrality was proposed by Bonacich [16]. 
This measure is based on the idea that existing edges between 
v and other vertices that are powerful and influential makes v 
more powerful than existing edges between v and less influ-
ential vertices. This measure can be easily calculated based 
on the eigenvectors of the adjacency matrix.

Let A be the adjacency matrix such that aij = 1 if node i is 
connected to node j and aij = 0 if i is not connected to j, then 
the eigenvector centrality of vertex i is defined as

Ax is a constant= = = …
=
∑λ λ λx x a x i ni
j

n

ij j, , , , ,
1

1 2  (3)

2.5. Example

Consider a small network (Fig. 1), which consists of seven 
nodes and eight edges. We compute the centrality measures 
of this network. Fig. 2 shows a comparison of this network.

3. Group centrality measures

In many real-life situations, it is important to measure 
the centrality of a group of nodes rather than that of a single 
node. Everett and Borgatti [13] extended the centrality mea-
sures to a group of nodes.

3.1. Group degree centrality

Group degree centrality is defined as the number of non-
group nodes that are connected to group members. Multiple 
ties to the same node are counted only once. The normal-
ized group degree centrality is given by dividing the group 
degree by the number of non-group actors.

3.2. Group closeness centrality

Group closeness is defined as the sum of the distances 
from the group to all vertices outside the group. As with 
individual closeness, this produces an inverse measure of 
closeness as larger numbers indicate less centrality, we can 

normalize group closeness by dividing the distance score 
into the number of non-group members, with the result that 
larger numbers indicate greater centrality. Let G be a con-
nected graph and a set S V⊆  of nodes, the group closeness 
centrality is defined as:

G S
V S
d S v
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3.3. Group betweenness centrality

Group betweenness centrality gives the proportion of 
geodesics connecting couples of non-group members that 
pass through the group. Let G be a connected graph and 
a set  S V⊆  of nodes, the group betweenness centrality of 
S defined as:
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B
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( ) = ( )
∈ <
∑

, / ,

,
σ

σ
 (5)

where σst is the number of shortest paths between s and t and 
σst(S) is the number of shortest paths between s and t that 
passing through the set S.

2 7

3 4 6

1 5

Fig. 1. Illustration of centrality measures.
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4. Vulnerability in sewer system

Detection of vulnerability is the most important tool in 
network analysis. It can be used for water distribution sys-
tems, natural disaster management, ecological protection, 
climate change influence assessment, land use manage-
ment, development of industrial production and property 
[26–34]. Davidson and Shah [35] established a comprehen-
sive municipal earthquake disaster risk index that allows 
direct assessment of the relative complete earthquake disas-
ter risk of cities universally and defines the relative con-
tribution of assorted factors to complete risk. Turvey [36] 
set forward an abstraction methodology for vulnerability 
calculation in emerging countries by creating a composite 
vulnerability index. Ezell [37] established an Infrastructure 
Vulnerability Assessment structure to measure the vulnera-
bility of water supply management systems and developed 
a comprehensive index method which can also be used to 
quantify the vulnerability of the systems by establishing 
the comprehensive evaluation index. Vulnerability analy-
sis is mostly conducted from distinguishing varied threats 
that will occur, testing the response of the system, and 
distinguishing the weakest elements. In the field of water 
distribution management systems, different numerical 
analysis methods have been established for vulnerability 
calculation, for example, Markov latent effects modeling 
methods, probability and statistics methods, comprehen-
sive index methods. Murray et al. [38] established a prob-
ability and statistics method which can be applied to mea-
sure the vulnerability of a water utility to a large range 
of contamination attacks. Pinto et al. [39] presented the 
concept of vulnerability of water pipe network which is to 
help in designing water pipe networks that can be more 
strong against the impairment to the pipelines. The above 
analysis methods have played a very important role within 
the vulnerability of water distribution network systems, 
however, there have been some studies for city drainage 
systems [40–47]. Poulter et al. [41] presented an application 
of graph-theoretic algorithms to proficiently examine net-
work properties that is applicable to the management of a 
large artificial drainage system in coastal North Carolina, 
USA. A few investigations concentrated on the structure or 
water-driven states of a solitary funnel to make wellbeing 
assessment [47], however, a higher order of disappoint-
ment is considered in a few studies [48]. Though, few vul-
nerability calculation studies investigate the vulnerability 
of the whole drainage systems [49], particularly the virtual 
analysis of the vulnerability for pipe networks that have 
different layouts, for instance, tree and loop drainage sys-
tems [42,44,49–52].

5. Case study 1

5.1. Centrality measures of sewer system

Consider the sanitary sewer systems of the residential 
area of Shengli Oilfield, Shandong Province, Peoples Republic 
of China (Li and Matthew) [53]. This sewer network consists 
of 79 pipes and 57 manholes, designed to collect the sewage 
flow of a 260 ha housing area. Fig. 3 shows the base graph 
of the sewer system. Now to find the centrality measures of 
the base graph. From the computation of centrality measures 

(Fig. 4) we observed that in the sewer system the manhole 
21 is the suitable location that can spread information fast, 
and manhole 22 which controls the information among other 
manholes via connection paths. Finally, manhole 35 is the 
best location for emergency purposes.

5.2. Group closeness and group betweenness centrality of a branch 
of sewer network

Consider a branch of the sewer network system shown 
in Fig. 5. This branch has 18 nodes. Now to find the more 
influential subgroup within this network. The subgroup 
{2,8,10} has the more group betweenness centrality, which 
gives this group has more influential than other groups. And 
according to group closeness, the minimal cardinality sets 
{3,7,8,9,10,11} and {3,7,8,10,11,15} are the highest influential 
subgroups of the network. The same concept can be applied 
into the entire Sewer system to find the influential groups.

6. Case study 2

6.1. Centrality measures of Apulian network

The case study is planned to demonstrate the methodol-
ogy as applied to a real network. Consider the Apulian net-
work (Southern Italy) (Antonietta et al.) [54] which consists 
of 24 nodes, and 34 pipes whose layout is shown in Fig. 6. 

Fig. 3. Base graph of the sewer network.
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From Fig. 7 node 6 is the most influential position than the 
other nodes.

6.2. Group closeness and group betweenness centrality of 
Apulian network

In the Apulian network, the group consisting of nodes 
{1,6,8,9,17} of cardinality 5 having higher group between-
ness centrality. This indicates that this group is more 
influential than the other subgroup. Based on group 
closeness centrality, the most influential subgroups of an 
Apulian network which has minimal cardinality are listed 
in Table 1.
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Fig. 5. Branch of a base graph of the sewer network.

Fig. 6. Apulian network layout.
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7. Conclusion

Vulnerability analysis is one of the most important con-
cepts of an urban sewer system. Different methods have 
been established by different researchers to obtain the most 
influential node in a Sewer network. In the sewer system, 
we analyzed the more important roles in different aspects. 
In the network, not only finding a most influential node but 
also finding a group of nodes which have more influence 
within the network. In this work, we studied the vulner-
ability of sewer network systems and water distribution 
systems using graph theory parameters, which is very help-
ful to identify the most important nodes within the network 
and also we identified the subgroups which have more 
central in the network. Further, by using group closeness 
and group betweenness centrality concepts, we can also 
apply in the field of Sensor placement in water distribution 
systems and monitoring sewer network systems.
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