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a b s t r a c t
Transport coefficients for the Nephrophan membrane in the horizontal plane and aqueous solutions 
of ethanol and glucose were calculated based on the Kedem–Katchalsky coefficients measured for 
homogeneous and non-homogeneous solutions. The calculated Peusner’s coefficients for homo-
geneous solutions depend linearly while for non-homogeneous solutions nonlinearly on solute 
concentrations. In turn, coefficients φij, describing the difference between configurations of the mem-
brane system (A and B) point at the characteristic concentration 49.5 mol m–3, for which the inflection 
point of dependencies of these coefficients as functions of solute concentration is observed. Besides 
newly defined coefficients, which normalize the Peusner’s coefficients, depend nonlinearly on solute 
concentrations and for A configuration and non-homogeneous solutions increase of solute concen-
tration causes increase while for B configuration decrease of these coefficients. The crisscross of suit-
able curves for A and B configuration is observed at 49.5 mol m–3, for which the densities of solutions 
in the upper and lower chamber are the same. The presented mathematical description of membrane 
separation can be used for the analysis of the processes of water and wastewater treatment.

Keywords:  Membrane transport; Non-electrolyte solutions; Peusner’s network thermodynamics; 
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1. Introduction

The fundamental physical mechanisms of transmem-
brane transport substances have been studied in many areas 
of science (physics, biophysics, biology and chemistry) and 
technology [1–6]. One of the basic research tools of trans-
port through membrane occurring in both the artificial and 

biological systems are Kedem–Katchalsky equations (K–K 
equations) [1,7] and non-dilute solute transport equation 
[8]. In practice for dilute solutions many versions of these 
equations are used: classical [9–12], mechanistic [13,14], 
and network forms of K–K equations [15]. These versions of 
the K–K equations show the relationships between volume 
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(Jv), solute (Js) fluxes and thermodynamic forces (osmotic 
Δπ and/or hydrostatic ΔP). The degree of the coupling l 
results from the relationships between the forces and the 
fluxes for homogeneous solutions [1,15,16]. This degree for 
diluted and homogeneous binary solutions is defined by the 
relations l12 = L12(L11L22)–0.5

 and l12 = l21 = l. The second law of 
thermodynamic imposes L11L22 ³ (L12)2, and therefore the l12 
is limited by relation –1 ≤ l ≤ +1. When l = ±1, the system 
is completely coupled, the processes become a single pro-
cess. When l = 0, the two processes are completely uncou-
pled and do not have any energy-conversion interactions. 
Taking into account the coefficient l, Kedem and Caplan 
[16] presented an expression for the maximum efficiency 
of energy conversion: emax = l2[1 + (1 – l2)0.5]–2.

The network form of K–K equations was obtained by 
symmetrical and/or hybrid transformation of the classical 
K–K equations by use of Peusner network thermodynam-
ics [15,17,18]. There are two symmetrical and two-hybrid 
forms of network K–K equations for homogeneous and 
non-homogeneous binary non-electrolyte solutions. The 
symmetrical forms of these equations include Peusner’s 
coefficients: Rij and Lij (for homogeneous solutions) and Rij

* 
and Lij

* (for non-homogeneous solutions) while the hybrid 
forms include Peusner’s coefficients: Pij and Hij (for homo-
geneous solutions) and Pij

* and Hij
* (for non-homogeneous 

solutions) (i, j ∈ {1, 2}) [17,19–21]. There are two symmetrical 
and six hybrid forms of network K–K equations for homo-
geneous ternary non-electrolyte solutions. Symmetrical 
forms of these equations, as in the case of binary solutions 
include Peusner’s coefficients Rij or Lij while hybrid forms – 
Peusner’s coefficients Hij, Nij, Kij, Pij, Sij or Wij (i, j ∈ {1, 2, 3}) 
[18]. It should be noted that the coefficients Rij and Lij are 
directly derived from Onsager’s reciprocal rules while the 
remaining coefficients are the consequence of the use of 
techniques of network thermodynamics [15,17].

In the previous paper [22] the case of two-directional 
tri-port of Peusner’s network thermodynamics with sin-
gle inputs for volume flux Jv

r coupled with thermodynamic 
force ΔP – Δπ1 – Δπ2 and solute fluxes: J1

r coupled with 
thermodynamic force Δπ1/C̄1 and J2

r coupled with thermody-
namic force Δπ2/C̄2 was considered. The network K–K equa-
tions for non-homogeneous ternary non-electrolyte solutions 
containing Peusner’s coefficients Hij

r (i, j ∈ {1, 2, 3}, r = A, B) 

were obtained by means of hybrid network transformations 
of Peusner’s network thermodynamic. The coefficients Hij

r 
(i, j ∈ {1, 2, 3}, r = A, B) occurring in the matrix [Hr] we call 
Peusner’s coefficients and matrix [Hr] – matrix of Peusner’s 
coefficients Hij

r . According to the principles of network ther-
modynamic, for non-diagonal coefficients, we have H12

r ≠ H21
r , 

H13
r ≠ Hr

31 and H23
r ≠ H32

r .
The aim of this work is to develop the form of Lr of 

the K–K equations, containing the Peusner coefficients Lij
r 

(i, j ∈ {1, 2, 3}, r = A, B). The results of calculations of coefficients 
Lij

r and Lij matrix coefficients Lr
det = det[Lr] and Ldet = det[L] 

and the quotients φij = (LA
ij − LB

ij)/Lij and φdet = (LA
det − LB

det)/Ldet 
will be presented, obtained on the basis of experimentally 
determined coefficients (Lp, s1, s2, ω11, ω22, ω21, ω12, ζ1

r and ζ2
r 

for glucose in aqueous ethanol solutions and configurations 
A and B (Fig. 1) of the membrane system. These coefficients 
were calculated on the basis of experimentally measured vol-
ume (Jv

r ) and solute fluxes (Jk
r ) (k = 1, 2 and r = A, B) using 

the procedure described in [7,23]. Besides the results of cal-
culations of the degree of coupling lij = Lij(LiiLjj)–0.5 (for homo-
geneous ternary non-electrolyte solutions), lr

ij = Lr
ij (Lr

iiLr
jj)–0.5 

(for non-homogeneous ternary non-electrolyte solutions) 
and energy conversion coefficients (eij)l = (lji)2[1 + (1 – lijlji)0.5]–2 
(for homogeneous ternary non-electrolyte solutions) and 
(er

ij)l = (lji
r)2 [1 + (1 – lij

rlji
r)0.5]–2 (for non-homogeneous ternary 

non-electrolyte solutions), in which (i, j ∈ {1, 2, 3}, r = A, B) 
will be presented.

2. Materials and methods

2.1. Membrane system

Similarly, as in previous paper [22], transport through 
the single-membrane system will be considered, wherein 
the membrane (M) separates compartments (l) and (h) filled 
with non-homogeneous ternary non-electrolyte solutions 
with concentrations at the initial moment (t = 0) Ckh and Ckl 
(Ckh > Ckl, k = 1, 2) (Fig. 1).

This membrane is a “black box” type for solvent and 
non-electrolyte dissolved substances [24]. In the case of 
membrane located in a horizontal plane that is perpen-
dicular to the gravity vector, there are A and B configura-
tions of solutions arrangement in relation to the membrane 

Fig. 1. Model of the single-membrane system: M – membrane, ll
A and lh

A – the concentration boundary layers in configuration A, 
ll

B and lh
B – the concentration boundary layers in configuration B, Ph and Pl – mechanical pressures, Ckh and Ckl – concentrations of 

solutions, Jk
A and Jv

A – solute and volume fluxes in configuration A, Jk
B and Jv

B – solute and volume fluxes in configuration B, ḡ – the 
gravitational acceleration.
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(r = A or B). In A configuration the solution with greater 
ethanol concentration C2h is in the chamber over the mem-
brane while the solution with lower ethanol concentration 
C2l – in a chamber under the membrane. In B configuration 
of the membrane system location of solutions is reversed. 
The sign of the flux is depended on its direction in relation 
to gravitational acceleration. The flux is positive when is 
directed as gravitational acceleration and negative when 
is directed in opposite direction to the gravity vector.

2.2. Measuring system

Experimental studies of volume (Jv
r) and solutes (Jk

r, k = 1, 2) 
fluxes through a horizontally oriented membrane were 
carried out by means of the measurement set-up described 
in detail in previous papers [24]. The membrane (M) with 
a surface area equal to 3.36 cm2 was placed between two 
Plexiglass vessels (l, h), each with a volume of 0.2 l. For 
this purpose, we used the measuring system that con-
sisted of the Nephrophan membrane located in a hori-
zontal plane separated two aqueous glucose (subscript 1) 
and ethanol (subscript 2) solutions with concentrations 
Ch1 = 101÷1 mol m−3, Cl1 = 1÷101 mol m−3, Ch2 = 201 mol m−3 
and Cl2 = 1 mol m−3. The Nephrophan membrane is the 
microporous, highly hydrophilic polymeric filter used 
in medicine (VEB Filmfabrik, Wolfen, Germany). This 
membrane is made of cellulose acetate (cello-triacetate 
(OCO–CH3)n). The electron microscope image of the sur-
face and cross-section of this membrane was presented in 
Ślęzak et al. [24]. Therefore, we obtained the differences 
in osmotic pressures in the range from Dp1 = −245.1 kPa 
to Dp1 = +245.1 kPa and Dp2 = ±490.3 kPa. The vessel (h) 
was coupled with a calibrated pipette, while the ves-
sel (l) was connected to an external reservoir of solu-
tion. The volume (Jv

r) and solute (Jk
r, k = 1, 2) fluxes were 

determined respectively as Jv
r = S–1dVr/dt and Jk

r = VlS–1dCr/
dt, where S is the membrane surface area and dVr/dt is the 
volume change (V) occurring in time (t), Vl is the volume 
of the measuring vessel and dCr/dt is the concentration 
change (dC) occurring in time (dt). Superscript r = A, B 
refer to configuration A and B of the membrane system. 
Measurements of Jv

r and Jk
r for configuration A (r = A) or 

B (r = B) were taken according to the following procedure 
[23]. The first step involved the measurement of Jv

r and Jk
r 

in the membrane system with mechanical stirring of solu-
tions at 500 rpm. After achieving the steady-state during 
which Jv(t) and Jk(t) were constant, stirring was stopped 
and subsequently the evolution of Jv

r(t) and Jk
r(t) were mea-

sured up to a steady-state, in which Jv
r and Jk

r (r = A, B) were 
constant. The fluxes Jv and Jv

r are always directed from the 
solution with a lower concentration to a solution of higher 
concentration and the fluxes Jk and Jk

r in the opposite direc-
tion, regardless of the configuration of the membrane sys-
tem. The measurement error of the fluxes did not exceed 
5% and the solution preparation error – 1%.

2.3. Lr form of the Kedem–Katchalsky equations for 
non-homogenous non-electrolyte ternary solutions

According to the Kedem–Katchalsky formalism [7,23] trans-
port properties of the membrane for solutions containing 
a solvent and dissolved two substances are determined 

by coefficients: hydraulic permeability (Lp), reflection 
(σk, k = 1, 2) and permeability of solute (ωkf, k, f ∈ {1, 2}). In 
turn, the transport properties of the complex ll

r/M/lh
r are 

characterized by coefficients of hydraulic permeability (Lr
ij), 

reflection (σsk
r , σak

r ) and permeability of solute (ωr
kf). The coef-

ficients of hydraulic, osmotic, advective and diffusive con-
centration polarization are defined by expressions: ζp

r = Lp
r/

Lp, ζv
r = σsk

r /σsk, ζa
r = σr

ak/σak and ζs
r = ωkf/ωr

kf [17]. For osmotic 
volume and diffusive fluxes of homogeneous (evenly stirred) 
solutions, the values of volume (Jv) and solutes (Jk) fluxes do 
not depend on the configuration of the membrane system. 
Besides the dependencies Jv = f(Ckh – Ckl) and Jk = f(Ckh – Ckl) are 
linear, while Jv

r = f(Ckh – Ckl) and Jk
r = f(Ckh – Ckl) – nonlinear 

[25]. The appearance of the layers δh
r and δl

r reduce the value 
of volume and solute fluxes from Jv and Jk (in conditions 
of homogeneous solutions) to Jv

r and Jk
r (in the condition 

of concentration polarization), respectively [23].
The classical K–K equations for concentration polariza-

tion conditions can be written as Eqs. (1)–(3):

J L Pv
r

p
r

p v
r

v
r= − −( )ζ ζ σ π ζ σ π∆ ∆ ∆1 1 1 2 2 2  (1)

J C Jr
s
r

s
r r

v
r

1 11 11 1 12 12 2 1 1 11= + + −( )ζ ω π ζ ω π ζ σα∆ ∆  (2)

J C Jr
s
r

s
r r

v
r

2 21 21 1 22 22 2 2 2 21= + + −( )ζ ω π ζ ω π ζ σα∆ ∆  (3)

where Jv
r, J1

r and J2
r – volume and solutes “1” and “2” fluxes 

respectively, Lp – hydraulic permeability coefficient, σ1 and 
σ2 – reflection coefficients suitably for solutes “1” and “2”, 
ω11 and ω22 – solute permeability coefficients for solutes 
“1” and “2” connected with forces with indexes “1” and 
“2” and ω12 and ω21 – cross coefficients of permeability for 
substances “1” and “2” connected with forces with indexes 
“2” and “1” respectively. ΔP = Ph − Pl is the hydrostatic pres-
sure difference (Ph, Pl are higher and lower values of hydro-
static pressure suitably). Δπk = RT(Ckh – Ckl) is the difference 
of osmotic pressure (RT is the product of gas constant and 
thermodynamic temperature).

For the conditions of concentration polarization illus-
trated in Fig. 1, by the introduction of a matrix [Lr] and 
fluxes Jv

r, J1
r and J2

r, the Eqs. (1)–(3) take the following form:

J
J
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where Lr
11 = ζp

rLp, Lr
12 = ζp

rLp(1 – σ1ζv
r)C̄1, Lr

13 = ζp
rLp(1 – σ2ζv

r)C̄2, 
Lr

21 = ζp
rLp(1 – σ1ζr

a1)C̄1, Lr
22 = ζr

s11ω11C̄1 + ζp
rLp(1 – σ1ζr

a1)(1 – σ1ζv
r)C̄1

2,  
Lr

23 = ζr
s12ω12C̄2 + ζp

rLp(1 – σ1ζr
a1)(1 – σ2ζv

r)C̄1C̄2, Lr
31 = ζp

rLp(1 – σ2ζr
a2)

C̄2, Lr
32 = ζr

s21ω21C̄1 + ζp
rLp(1 – σ2ζr

a2)(1 – σ1ζv
r)C̄1C̄2, Lr

33 = ζr
s22ω22C̄2 + 

ζp
rLp(1 – σ2ζr

a2)(1 – σ2ζv
r)C̄2

2, [Lr] is the matrix of Peusner’s 
coefficients for ternary non-electrolyte solutions in conditions 
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of concentration polarization. Determinant of matrix [Lr] can 
be written in the form:

det detL L L C Cr r
p
r

p s
r

s
r

s
r

s
r  = = −ζ ζ ζ ω ω ζ ζ ω ω1 2 11 22 11 22 12 21 12 21(( )  (5)

Taking into consideration Eq. (4) we get: Lr
12 ≠ Lr

21, Lr
13 ≠ Lr

31 
and Lr

23 ≠ Lr
32. This shows that for conditions of concentration 

polarization Onsager’s reciprocal relations is not satisfied, 
according to which it should be Lij

r = Lji
r [15]. In order to deter-

mine the conditions in which this hypothesis is fulfilled we 
calculate the following ratios Lr

12/Lr
21 = (1 – σ1ζv

r)/(1 – σ1ζr
a1), 

Lr
13/Lr

31 = (1 – σ2ζv
r)/(1 – σ2ζr

a2) and Lr
23/Lr

32 = [ζr
s12ω12C̄2 + 

ζp
rLp(1 – σ1ζr

a1)(1 – σ2ζv
r)C̄1C̄2]/[ζr

s21ω21C̄1 + ζp
rLp(1 – σ2ζr

a2)
(1 – σ1ζv

r)C̄1C̄2]. From these equations, it follows that Lr
12 = Lr

21 
and Lr

13 = Lr
31, if ζr

v1 = ζr
a1 = ζ1

r, ζr
v2 = ζr

a2 = ζ2
r or σ1 = σ2 = 0. 

Similarly if ζv
r = ζr

a1 = ζr
a2 = ζp

r = ζr
s12 = ζr

s21 = ζr
s11 = ζr

s22 = ζr or 
σ1 = σ2 = 0 and ω12C̄2 = ω21C̄1, then Lr

23 = Lr
32.

The coefficients Lij
r (i, j ∈ {1, 2, 3}, r = A, B) and det[Lr] 

were calculated for polymer membrane Nephrophan and 
glucose in an aqueous solution of ethanol using Eqs. (4) 
and (5). In expressions under Eq. (4) which describe the 
matrix coefficients Lr

11, Lr
12, Lr

13, Lr
21, Lr

22, Lr
23, Lr

31, Lr
32 and Lr

33, 
there are coefficients that describe transport properties of 
the membrane (Lp, s1, s2, ω11, ω22, ω21 and ω12), average con-
centrations of solutions “1” and “2” in the membrane (C̄1, C̄2) 
and coefficients of concentration polarization (ζv

r, ζr
a1, ζr

a2, ζp
r, 

ζr
s12, ζr

s21, ζr
s11 and ζr

s22).
The network K–K equations for homogeneous ternary 

non-electrolyte solutions containing Peusner’s coefficients 
Lij (i, j ∈ {1, 2}) were obtained by means of symmetrical 
network transformations of Peusner’s thermodynamic. 
This equation can be written in the form:

J
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where L11 = Lp, L12 = Lp(1 – σ1)C̄1 = L21, L13 = Lp(1 – σ2)C̄2 = L31, 
L22 = ω11C̄1 + Lp(1 – σ1)2C̄1

2, L23 = ω12C̄2 + Lp(1 – σ1)(1 – σ2)C̄1C̄2, 
L32 = ω21C̄1 + Lp(1 – σ1)(1 – σ2)C̄1C̄2¹ L23, L33 = ω22C̄2 + Lp(1 – σ2)2C̄2

2, 
Jv – volume flux, Js1 and Js2 – fluxes of solute “1” and “2” 
through the membrane in conditions of homogeneous solu-
tions, Lp – coefficient of hydraulic permeability, σ1 and σ2 – 
reflection coefficients suitably for solutes “1” and “2”, ω11 
and ω22 – solute permeability coefficients for solutes “1” and 
“2” connected with forces with indexes “1” and “2” and ω12 
and ω21 – cross coefficients of permeability for substances “1” 
and “2” connected with forces with indexes “2” and “1” suit-
ably. Besides the determinant of the matrix [L] is given by the 
relationship:

det detL L L C Cp  = = −( )1 2 11 22 12 21ω ω ω ω  (7)

Eqs. (6) and (7) can be applied to a system in which the 
membrane separates two homogeneous solutions (evenly 

stirred). This situation is idealized, especially in biological 
systems. In real conditions, we should take into consid-
eration the phenomenon of concentration polarization of 
membrane relying on the creation of concentration bound-
ary layers (CBLs) on both sides of the membrane [27,29]. 
The above equation does not include this case. Index “r” 
indicates that coefficients Lr

ij and matrix [Lr] of these coeffi-
cients depend on the configuration of the membrane system.

In order to show the relations between coefficients Lr
ij 

and Lij and between determinants of matrixes [Lr] and [L] for 
A and B configurations of the membrane system (r = A, B), 
using Eqs. (4), (7)–(9) will be calculated.

φij
ij
A

ij
B

ij

L L
L

=
−

 (8)

φdet
det det

det
=

  −  
 

L L

L

A B

 (9)

The values of coefficients φij and φdet shows the influence 
of concentration polarization and natural convection on the 
membrane transport. These coefficients are a measure of 
the distance of convective processes from the critical state 
(non-convection) and fulfill the criterion: –1 ≤ φij, φdet ≤ 1. 
In the critical state φij = φdet = 0. This means that Lij

A = LB
ij 

(i, j ∈ {1, 2, 3} and LA
det = LB

det. The condition φij = φdet = +1 
is fulfilled if LA

ij = LA
det = 0 and LB

ij = LB
det = Lij = Ldet. In turn, 

φij = φdet = +1, is satisfied if LB
ij = LB

det = 0 and LA
ij = LA

det = Lij = Ldet.
In order to show the relation between coefficients Lij, 

Lji, Lii and Ljj and coefficients Lr
ij, Lr

ji, Lr
ii and Lr

jj for A and B 
configurations of membrane system we will calculate the 
Kedem–Caplan–Peusner degree of coupling lij and lij

r, in 
which i, j ∈ {1, 2, 3}, r = A, B, using Eqs. (1) and (4) [15,16]. 
The expressions for these coefficients take the following forms:

l
L

L Lij
ij

ii jj

=  (10)

l
L

L L
ij
r ij

r

ii
r

jj
r

=  (11)

Taking into consideration Eqs. (4), (6), (10) and (11) 
we get: lr

12 ≠ lr
21, lr

13 ≠ lr
31, l23 ≠ l32 and lr

23 ≠ lr
32. This shows that 

for conditions of concentration polarization Onsager’s 
reciprocal relations are not satisfied.

The lij
r coefficients can be used to evaluate energy con-

version efficiency by means of Kedem–Caplan–Peusner 
coefficient, which can be written in the form:
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3. Results and discussion

3.1. Experiments

3.1.1. Concentration dependencies Jv
r and Jk

r for ternary 
solutions

The dependencies of volume fluxes in non-homogeneous 
(Jv

r) and homogeneous (Jv) conditions as functions of glu-
cose osmotic pressure (Δπ1) with constant values of ΔP = 0, 
Δπ2 = 490.3 kPa and for A (graphs 2 and 4) and B (graphs 1 
and 3) configurations of the membrane system are presented 
in Fig. 2.

Graphs 1 and 2 presented in this figure were obtained 
when the solutions were not mechanically stirred (non- 
homogeneous conditions – the case of concentration polariza-
tion of the membrane), whereas graphs 3 and 4 in this figure 
were obtained for the case of mechanically stirred solutions 
at 500 rpm (homogeneous conditions). The dependencies 
Jv = f(Δπ1) (graphs 3 and 4) are linear, whereas the depen-
dencies Jv

r = f(Δπ1) (graphs 1 and 2) are nonlinear. Besides 
the main nonlinear change of graphs 1 and 2 are observed 
in different ranges of glucose concentration for different 
configurations of the membrane system. In these cases, the 
appearance of CBLs near the membrane disturbs membrane 
transport. For the change of configurations of the membrane 
systems the case in which the difference of density causes 
change of diffusive conditions into diffusive and convective 
conditions depends on the case in which the density over the 
membrane is greater than under the membrane. Because the 
change of configuration from A to B also reverses the solu-
tions in relation to the membrane we observe the range of 
nonlinear changes of volume flux for positive glucose osmotic 
pressure in one configuration and negative for the second.

Analogically, the dependencies of solute fluxes Jk
r and 

Jk (k = 1, 2 and r = A, B) as functions of glucose osmotic 
pressure for constant ΔP = 0, Δπ2 = 490.3 kPa and for A 

(graphs 2 and 4) and B (graphs 1 and 3) configurations of the 
membrane system are presented in Figs. 3 and 4.

Similarly as for volume flux concentration characteris-
tics of solute fluxes: for glucose (Fig. 3) and ethanol (Fig. 4) 
for non-stirred solutions are different for different config-
urations. The nonlinear ranges of these characteristics are 
similar to volume fluxes, this indicates the main reason 
for these nonlinearities – the change of conditions of CBLs 
rebuilding from diffusional to diffusional and convective.

In the previous papers [26,27,29] we show that in terms 
of concentration polarization (non-convective state) volume 
Jv

r and solute Jk
r fluxes reach minimum values. In configuration 

Fig. 2. Volume fluxes as functions of the osmotic pressure of glu-
cose with a constant osmotic pressure of ethanol Δπ2 = 490.3 kPa 
and ΔP = 0: for not stirred solutions (1) and (2) and stirred 
solutions (3) and (4). Configurations of membrane system: 
A – graphs (2) and (4), B – graphs (1) and (3).

Fig. 4. Ethanol fluxes as functions of osmotic pressure differ-
ence of glucose with a constant osmotic pressure of ethanol 
Δπ2 = 490.3 kPa and ΔP = 0: for not stirred solutions (1) and (2), 
for stirred solutions (3) and (4). Configurations of the membrane 
system: A – graphs (2) and (4), B – graphs (1) and (3).

Fig. 3. Glucose fluxes as functions of osmotic pressure differ-
ence of glucose with a constant osmotic pressure of ethanol for 
Δπ2 = 490.3 kPa and ΔP = 0: for not stirred solutions (1) and (2), 
for stirred solutions (3) and (4). Configurations of the membrane 
system: A – graphs (2) and (4), B – graphs (1) and (3).
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A, a non-convective state occurs when the density of the 
solution in the compartment above the membrane is higher 
than the density of the solution in the compartment under 
the membrane. Natural convection increases the values of 
fluxes Jv

r and Jk
r.

3.1.2. Concentration dependencies of concentration 
polarization coefficients

In the previous papers [25,29] it has been shown 
that for polymer membrane Nephrophan and aqueous 
solutions of glucose the dependencies ζp

r = ζr
a1 = ζr

a2 = 1, 
ζr

s11 = ζr
s12 = ζ1

r and ζr
s22 = ζr

s21 = ζ2
r are fulfilled. Thus, the mem-

brane transport parameters determined experimentally 
are equal to: Lp = 4.9 × 10–12 m3 N–1 s–1, s1 = 0.07, s2 = 0.025, 
ω11 = 0.8 × 10–9 mol N–1 s–1, ω12 = 0.81 × 10–13 mol N–1 s–1, 
ω22 = 1.43 × 10–9 mol N–1 s–1 and ω21 = 1.63 × 10–12 mol N–1 s–1 
[25]. The polarization coefficients ζv

r, ζ1
r and ζ2

r (for constant 
values of C̄2 = 37.7 mol m–3) as functions of mean glucose con-
centration in membrane (C̄1), for configurations A and B of 
the membrane system are shown in Fig. 5.

In the case of configuration A for C̄1 ≤ 45.5 mol m–3, ζ1
A = 

ζ2
A = ζv

A = 0.03 = const., and for C̄1 > 45.5 mol m–3 the values 
of coefficients ζ1

A, ζ2
A and ζv

A increase nonlinearly with glu-
cose concentration increase and for C̄1 > 50.96 mol m–3 reach 
constant value equal respectively to ζ1

A = ζ2
A = ζv

A = 0.5 = const. 
In the case of configuration B for C̄1 ≤ 45.5 mol m–3, 
ζ1

B = ζ2
B = ζv

B = 0.5 = const., and for C̄1 > 45.5 mol m–3 the 
values of coefficients ζ1

B, ζ2
B and ζv

B decrease with increase 
of glucose concentration and for C̄1 > 50.96 mol m–3 reach 
constant value equal respectively to ζ1

B = ζ2
B = ζv

B = 0.03.
In addition, for C̄1 < 45.5 mol m–3 in configuration A the 

CBLs complex is stable and in the B configuration – hydro-
dynamically unstable. The reason is the predominance of 
ethanol concentration over glucose in solutions separated 
by the membrane. This causes the convective movements of 
the solutions. In configuration B, for C̄1 < 45.5 mol m–3, the 
layers near membrane surfaces are unstable, because the 
density of the solution under the membrane is greater than 
the solution above the membrane. In the configuration A, 
for C̄1 > 45.5 mol m–3, the CBLs complex is destabilized and 
in the B configuration, for C̄1 > 45.5 mol m–3 – the complex 
of CBLs reaches hydrodynamic stabilization. The reason is 
the predominance of glucose over ethanol in solutions sepa-
rated by the membrane. Therefore, the density of the solution 
under the membrane is greater than over the membrane. For 
C̄1 = 49.2 mol m–3 complex of CBLs is independent of the con-
figuration of the membrane system and therefore ζ1

A = ζ2
A = 

ζv
A = ζ1

B = ζ2
B = ζv

B = 0.23.
From Fig. 5 it results that concentration polarization 

coefficients are sensitive to the configuration of the mem-
brane system. For this same configuration, the dependen-
cies of concentration polarization coefficients as functions 
of glucose concentration are similar (only slightly different 
from each other). The main feature of these dependencies 
is that for one of configuration (A) the values of coeffi-
cients start from low values for small glucose concentration 
and after the range with small changes of coefficients, but 
above 48 mol m–3 the glucose concentration increase causes 
that coefficients values increase with greater inclination. 
For other configuration of the membrane system (B) the 

coefficients of concentration polarization are high for small 
glucose concentration and do not change up to 48 mol m–3 
glucose concentration, for glucose concentrations higher 
than 48 mol m–3 increase of glucose concentration causes a 
decrease of concentration polarization coefficients. The criss-
cross of the above-discussed characteristics for A and B con-
figuration (observed at 49.3 mol m–3 glucose concentration) 
can be the point of identification of change of conditions of 
CBLs rebuilding.

3.2. Calculations of the coefficients Lr
ij, Lr

det (i, j ∈ {1, 2, 3}, r = A, B)

The coefficients Lr
ij (i, j ∈ {1, 2, 3}, r = A, B), determinant 

of matrix of these coefficients det[Lr] = Lr
det were calculated 

based on Eqs. (4)–(7), transport parameters for Nephrophan 
membrane and presented in Figs. 6–9. The values of coef-
ficients LA

11 = LB
11 = L11 = 4.9 × 10–12 m3 N–1 s–1, calculated on 

the bases of Eqs. (4) and (6) are constant and do not depend 
on both C̄1 and C̄2 and the configuration of the membrane 
system. Similarly LA

31 = LB
31 = L31 = 1.8 × 10–10 mol N–1 s–1.

The graphs 1A, 1B, 1, 2A, 2B and 2 presented in Fig. 6 
illustrate the dependencies Lr

12 = f(C̄1, C̄2 = 37.71 mol m–3), 
Lr

21 = f(C̄1, C̄2 = 37.71 mol m–3), Lr
13 = f(C̄1, C̄2 = const.) and 

Lr
31 = f(C̄1, C̄2 = const.) (r = A or B) for membrane system in 

concentration polarization condition (graphs 1A, 1B, 2A 
and 2B) and in homogeneous solutions (graphs 1 and 2).

Graphs 1 and 2 obtained for coefficients L12, L21, LA
21 

and LB
21 show that the values of these coefficients increase 

linearly with an increase of C̄1. The values of these coeffi-
cients are the same (L12 = L21 = LA

21 = LB
21) for homogeneous 

solutions and in concentration polarization conditions and 
do not depend on the configuration of the membrane sys-
tem. The graphs 1A and 1B show that values of coefficients 
LA

12 and LB
12 increase nonlinearly with an increase of C̄1 and 

are dependent on the configuration of the membrane sys-
tem. For C̄1< 49.7 mol m–3 LA

12 > LB
12, for C̄1 = 49.7 mol m–3 LA

12 = 
LB

12 = 2.38 × 10–10 mol N–1 s–1 and for C̄1 > 49.7 mol m–3 LA
12 < LB

12.
Graphs 2A and 2B illustrating concentration dependen-

cies of LA
13 and LB

13 were obtained for configurations A and 

Fig. 5. Coefficients ζk
r as functions of mean glucose concentra-

tion in membrane (C̄1) and C̄2 = 37.7 mol m–3 for: ζ1
B (1), ζv

B (2), ζ1
A 

(3) and ζv
A (4).
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B of the membrane system respectively. In the case of con-
figuration A, for C̄1 ≤ 47.3 mol m–3 the value of the coeffi-
cient is constant and equal to LA

13 = 1.85 × 10–10 mol N–1 s–1.  
For C̄1 > 45.4 mol m–3, LA

13 decreases nonlinearly to LA
13 = 

1.82 × 10–10 mol N–1 s–1. In the case of configuration B, for 
C̄1 ≤ 45.4 mol m–3 the value of the coefficient is constant and 
equal to LB

13 = 1.85 × 10–10 mol N–1 s–1. For C̄1 > 45.4 mol m–3, 
LB

13 increases nonlinearly to LB
13 = 1.85 × 10–10 mol N–1 s–1. 

Besides, from this figure it appears that, for C̄1 < 49.3 mol m–3, 
LA

13 > LB
13 > L13, for C̄1 > 49.3 mol m–3 LB

13 > LA
13 > L13, and for 

C̄1 = 49.3 mol m–3 LA
13 = LB

13 = 1.84 × 10–10 mol N–1 s–1.
The concentration dependencies of Lr

22 and Lr
33 (r = A or B) 

presented in Fig. 7 for the membrane system in concen-
tration polarization conditions for C̄2 = 37.7 mol m–3 were 
calculated on the basis of Eq. (4) taking into account the 
concentration dependencies shown in Fig. 5.

In the case of configuration A the value of coefficient LA
22 

increases nonlinearly from LA
22 = 1.08 × 10–8 mol2 N–1 s–1 m–3 

(for C̄1 = 45.4 mol m–3, C̄2 = 37.7 mol m–3) to LA
22 = 3.17 × 10–8 mol2 

N–1 s–1 m–3 (for C̄1 = 50.96 mol m–3, C̄2 = 37.7 mol m–3). The 
value of coefficient LB

22 in configuration B of the membrane 
system decreases nonlinearly from LB

22 = 2.56 × 10–8 mol2 
N–1 s–1 m–3 (for C̄1 = 46.5 mol m–3, C̄2 = 37.7 mol m–3) to 
LB

22 = 1.31 × 10–8 mol2  N–1 s–1 m–3 (for C̄1 = 50.96 mol m–3). Besides 
LA

22 = LB
22 = 1.98 × 10–8 mol2 N–1 s–1 m–3 for C̄1 = 49.3 mol m–3 and 

C̄2 = 37.7 mol m–3. For homogeneous solutions LA
22 = LB

22 = L22 
increase linearly from L22 = 4.47 × 10–8 mol2 N–1 s–1 m–3 to 
L22 = 5.18 × 10–8 mol2 N–1 s–1 m–3. Besides, from this figure it can 
be seen that LA

22 < LB
22 < L22 (for C̄1 < 49.3 mol m–3), LB

22 < LA
22 < L22 

(for C̄1 > 49.3 mol m–3) and LA
22 = LB

22 (for C̄1 = 49.3 mol m–3).
Graphs 2A and 2B illustrating dependencies LA

33 and 
LB

33 were obtained for configurations A and B of the mem-
brane system, respectively. In the case of configuration A, 
for C̄1 ≤ 46.6 mol m–3 the value of coefficient is constant and 
equal to LA

33 = 0.83 × 10–9 mol2 N–1 s–1 m–3. For C̄1 > 46.6 mol m–3, 
LA

33 increases nonlinearly to LA
33 = 3.35 × 10–9 mol2 N–1 s–1 

m–3. In the case of configuration B, for C̄1 ≤ 46.6 mol m–3 
the value of coefficient is constant and equal to LB

33 = 3.35 
× 10–9 mol2 N–1 s–1 m–3. For C̄1 > 46.6 mol m–3, LB

33 decreases 
nonlinearly to LB

33 = 0.83 × 10–9 mol2 N–1 s–1 m–3. For homo-
geneous solutions LA

33 = LB
33 = L33 = 6.05 × 10–9 mol2 N–1 s–1 m

–3 in whole range of studied C̄1. Besides, from this fig-
ure it appears that, for C̄1 < 49.3 mol m–3, LA

33 < LB
33 < L33, for 

C̄1 > 49.3 mol m–3 LB
33 < LA

33 < L33, and for C̄1 = 49.3 mol m–3 
LA

33 = LB
33 = 1.95 × mol2 N–1 s–1 m–3.

The graphs shown in Fig. 8 illustrate the concentra-
tion dependencies of Lr

ij (i ≠ j ∈ {2, 3}, r = A or B) for the 
membrane system in concentration polarization conditions.

The graphs in Fig. 8 show that the values of the coeffi-
cients LA

23 and LB
23 increase nonlinearly with the increase 

of C̄1 and are dependent on the configuration of the 
membrane system. For C̄1 < 49.3 mol m–3 LA

23 > LB
23, for 

C̄1 = 49.3 mol m–3 LA
23 = LB

23 = 8.5 × 10–9 mol N–1 s–1, and LB
23 > LA

23 
for C̄1 > 49.3 mol m–3. Similar relations are observed for the 

Fig. 6. Coefficients Lij
r as functions of mean glucose concen-

tration in membrane for C̄2 = 37.7 mol m–3: LA
12 (1A), LB

12 (1B), 
L12, L21 LA

21, LA
21 (1), LA

13 (2A), LB
13 (2B) and L13 (2).
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Fig. 7. Coefficients Lr
ii (i = 2 or 3) as functions of mean glucose 

concentration in membrane for C̄2 = 37.7 mol m–3: LA
22 (1A), 

LB
22 (1B), L22 (1), LA

33 (2A), LB
33 (2B) and L33 (2).

Fig. 8. Coefficients Lr
ij as functions of mean glucose concentration 

in membrane for C̄2 = 37.7 mol m–3: L32 (1), LA
32 (1A), LB

32 (1B), L23 
(2), LA

23 (2A) and LB
23 (2B).
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coefficients LA
32 and LB

32. The lines for the coefficients L23 and 
L32 obtained for homogeneous solutions indicate that the val-
ues of these coefficients increase linearly with an increase 
of C̄1 and do not depend on the configuration of the mem-
brane system. Besides, from this figure it can be seen that for 
C̄1 < 49.3 mol m–3 a relationship takes place LA

32 > LB
32 > LA

23 > 
LB

23 > L32 > L23 and for C̄1 > 49.3 mol m–3 – LB
32 > LA

32 > LB
23 > LA

23 > 
L32 > L23.

The concentration dependencies of det[Lr] (i, j ∈ {1, 2, 3}, 
r = A or B) shown in Fig. 9 for homogeneous solutions 
(graph 1) and concentration polarization conditions (graphs 
1A and 1B) were calculated on the basis of Eq. (5) after 
taking into account the concentration dependencies of ζ1

r and 
ζ2

r presented in Fig. 5.
Graphs 1A and 1B which illustrate the dependencies 

 det[LA] and det[LB] were obtained suitably for configurations  
A and B of the membrane system. In the case of config-
uration A the value of det[LA] for C̄1 < 48.3 mol m–3 is con-
stant and equal to det[LA] = 0.004 × 10–24 mol4 N–3 s–3 m–3.  
For C̄1 > 48.3 mol m–3 det[LA] increases nonlinearly and for 
C̄1 = 50.96 mol m–3 reaches the value det[LA] = 2.65 × 10–24 
mol4 N–3 s–3 m–3. In the case of configuration B the value 
det[LB] decreases from det[LB] = 2.34 × 10–24 mol4 N–3 s–

3 m–3 (for C̄1 = 45.5 mol m–3) to det[LB] = 0.009 × 10–24 mol4 
N–3 s–3 m–3 (for C̄1 = 50.96 mol m–3). Besides det[LA] = det[
LB] = 0.53 × 10–24 mol4 N–3 s–3 m–3 for C̄1 = 49.3 mol m–3, for 
C̄1 < 49.3 mol m–3, det[LA] < det[LB] and for C̄1 > 49.3 mol m–3, 
det[LA] > det[LB]. For homogeneous solutions det[L] 
increases linearly from det[L] = 10.5 × 10–24 mol4 N–3 s–3 m–3 
(for C̄1 = 45.5 mol m–3) to det[L] = 10.8 × 10–24 mol4 N–3 s–3 
m–3 (for C̄1 = 50.9 mol m–3). Moreover, from this figure it 
appears that, for C̄1 < 49.3 mol m–3, det[LA] < det[LB] < det[L], 
for C̄1 > 49.3 mol m–3 det[LB] < det[LA] < L33.

The results of the study presented in Figs. 6–9 show 
that the values of Lr

12, Lr
13, Lr

22, Lr
23, Lr

32, Lr
33 and det[Lr] calcu-

lated for the conditions of concentration polarization are 
determined by hydrodynamic conditions (diffusion or 
diffusion– convective conditions) in solutions near the 

membrane, which separates ternary non-electrolytes solu-
tion with different concentrations of solutes. This means 
that the values of these coefficients in concentration polar-
ization conditions depend strongly on both concentrations 
C̄1 and C̄2 as well as the configuration of the membrane 
system. However, in the case of mechanical stirring of solu-
tions, the values of these coefficients do not depend on the 
membrane system configuration. Therefore, for interpre-
tation of results of calculation, the combinations of coeffi-
cients LA

ij, LB
ij and Lij (i, j ∈ {1, 2, 3) of the same indicators and 

det[LA], det[LB] and det[L] were used. These combinations 
are presented by Eqs. (8)–(13). Concentration dependencies 
of new coefficients facilitate the location of areas differenti-
ated by hydrodynamic conditions in near membrane areas 
such as diffusion, convection–diffusion and convection. 
For transport coefficient of the membrane as a function of 
glucose concentration we also observe the criss-crosses of 
characteristics for configuration A and B in points with glu-
cose concentration similar to analogous dependencies of 
concentration polarization coefficients (49.3 mol m–3).

3.3. Calculations of the coefficients φij and φdet

To calculate coefficients φij and φdet based on Eqs. (8) and 
(9) we used the characteristics Lr

ij = f(C̄1, C̄2 = 37.7 mol m–3), 
(i, j ∈ {1, 2, 3}, r = A, B) presented in Figs. 6–9. The graphs 
presented in Fig. 10 were calculated on the basis of Eqs. (8) 
and (9).

In the case of curves 1′ and 2′ the values of coefficients 
φ12 and φ32 for C̄1 < 45.7 mol m–3 are constant and amounts 
φ12 ≈ φ32 = 0.03. For C̄1 > 45.7 mol m–3 values of coefficients 
φ12 and φ32 decreases nonlinearly to φ12 ≈ φ32 = –0.03 (for 
C̄1 = 50.96 mol m–3). Besides, from this figure it follows 
that φ32 = φ12 = 0, for C̄1 = 49.3 mol m–3, respectively. For 
C̄1 < 49.3 mol m–3 φ12 ≈ φ32 > 0. In turn for C̄1 > 49.3 mol m–3 
φ12 ≈ φ32 > 0.

In the case of curves 3′ and 4′ the values of coefficients 
φ13 and φ23 for C̄1 < 45.7 mol m–3 are constant and amount 
φ13 = φ23 = 0.012. For C̄1 > 45.7 mol m–3 values of coeffi-
cients φ12 and φ32 decrease nonlinearly to φ12 = –0.012 and 
φ23 = –0.013 (for, C̄1 = 50.9 mol m–3). Besides, from this figure 
it follows that φ23 = φ13 = 0, for C̄1 = 49.3 mol m–3, respectively. 
For C̄1 < 49.3 mol m–3 φ32 > 0, φ12 > 0 and φ23 < φ13. In turn for 
C̄1 > 49.3 mol m–3 φ23 < 0, φ13 < 0 and φ23 > φ13.

Graphs 1–3 presented in Fig. 10 illustrates the concen-
tration dependencies of φ22, φ33 = and φdet calculated on 
the basis of Eqs. (8) and (9), respectively. Curve 1 shows 
that value of coefficient φ22 initially increases linearly 
from φ22 = –0.41 (for C̄1 = 45.5 mol m–3) to φ22 = –0.37 (for 
C̄1 = 45.6 mol m–3), and next increases nonlinearly to value 
φ22 = 0.36 (for C̄1 = 50.9 mol m–3). In the case of curve 2 the 
values of coefficient φ33 for C̄1 < 45.6 mol m–3 are constant 
and amount φ33 = –0.42. Moreover, for C̄1 = 49.3 mol m–3, 
φ22 = φ33 = 0, for C̄1 < 49.3 mol m–3, φ22 < 0 and φ33 < 0, and 
for C̄1 > 49.3 mol m–3, φ22 > 0 and φ33 > 0. In turn, curve 3 
shows that values of coefficient φdet for C̄1 < 45.6 mol m–3 
are constant and amount φdet = –0.25. Moreover, for 
C̄1 = 49.3 mol m–3, φdet = 0, for C̄1 < 49.3 mol m–3, φdet < 0, and 
for C̄1 > 49.3 mol m–3, φdet > 0.

The criss-cross of concentration characteristics of diag-
onal φ coefficients as functions of glucose concentration is 

Fig. 9. Det[Lr] as functions of mean glucose concentration in 
membrane for C̄2 = 37.7 mol m–3: det[LA] (1A), det[LB] (1B) and 
det[L] (1).
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observed for a similar concentration of glucose as previ-
ously analyzed coefficients. The values of φ coefficients at 
criss-cross equals zero. It means that the change of sign of 
φ coefficients during changing of glucose concentration is 
caused by a change of conditions of CBLs rebuilding.

From presented considerations, it results that the 
coefficients φ12, φ32, φ13, φ23, φ22 and φdet are a measure of 
the convective effect. Assuming that ζp

r = ζr
a1 = ζr

a2 = 1, 
ζr

s11 = ζr
s12 = ζ1

r and ζr
s22 = ζr

s21 = ζ2
r, from Eq. (8) it follows that 

the φ11, φ21 and φ31 coefficients can only be zero. In turn 
from Eqs. (8) and (9) it follows that the values of coeffi-
cients φ12, φ32, φ13, φ23, φ22, φ33 and φdet can be smaller, equal 
to or greater than zero.

In order to show that the values of coefficients φ12, φ32, 
φ13, φ23, φ22, φ33 and φdet are equal to or greater than zero, it is 
enough to replace the sign “<” with “=” or “>”. The “<” or 
“>” signs imply the return of the convective flux directed 
in accordance with or oppositely to the vector of gravi-
tation g�. If the condition φ12 = φ32 = φ13 = φ23 = φ22 = φ33 = φdet 
= 0 is satisfied, this means that the system is at the critical 
point: the CBLs system loses stability, but natural convec-
tion does not occur yet. This means that the membrane sys-
tem is not sensitive to changes of gravitational field. This is 
illustrated by the dependencies φ12 = f(C̄1, C̄2 = 37.7 mol m–3),  
φ32 = f(C̄1, C̄2 = 37.7 mol m–3), φ13 = f(C̄1, C̄2 = 37.7 mol m–3),  
φ23 = f(C̄1, C̄2 = 37.7 mol m–3), φ22 = f(C̄1, C̄2 = 37.7 mol m–3),  
φ33 = f(C̄1, C̄2 = 37.7 mol m–3), and φdet = f(C̄1, C̄2 = 37.7 mol m–3), 
presented in Fig. 10 and interferograms presented in the 
previous paper [27]. Besides, the hydrodynamic stability in 
the membrane system is connected with the concentration 
Rayleigh number (RC) [25,28–30]. The value of RC depends 
on the concentration of solutes separated by the membrane 
[26]. For points, in which φ12 = 0, φ32 = 0, φ13 = 0, φ23 = 0, φ22 = 0 or 
φdet = 0, the critical value of RC can be determined on the basis 
of expression RC = [g(ρh − ρl)D2

11(1 − ζ)3][8ρhνh(ζ8RTω11)3]–1 
[26,27]. Taking into consideration D11 = 0.69 × 10–9 m2 s–1, 
g = 9.81 m s–2, ω11 = 0.8 × 10–9 mol N–1 s–1, ν = 1.06 × 10–6 m2 s–1, 

ρh = 998.7 kg m–3, ρl = 998.3 kg m–3 and ζ = 0.23 in this expres-
sion, we get (RC)crit. ≈ 1,130. This value corresponds to the 

(RC)crit. = 1100.6, obtained for the case of the rigid membrane 
surface and the free liquid interior (rigid-free borders) [31].

Using the conditions ζp
r = ζr

a1 = ζr
a2 = 1, ζr

s11 = ζr
s12 = ζ1

r and 
ζr

s22 = ζr
s21 = ζ2

r, the Eqs. (4) and (8) can be written in the form 
containing the thickness of the boundary layer (δA and δB). 
For example, the equation for φ22 can be written as – Eq. (14):

φ
ω σ σ ζ ζ

ω σ
22

11 1 1 1 1 1

11 1 1
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L C
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From this equation it follows that if ζ1
A = ζ1

B, then φ22 = 0. 
Moreover, taking into account the Eq. (14) and the expres-
sions ζ1

A = D1(D1 + 2RTω11δA)–1 and ζ1
B = D1(D1 + 2RTω11δB)–1 

it can be shown that:

ζ ζ
ω δ δ

ω δ ω δ1 1
1 11

1 11 1 11

2

2 2
A B

B A

A A

D RT

D RT D RT
− =

−( )
+( ) +( )

 (15)

In the aforementioned equation, δA and δB can be deter-
mined by laser interferometry [30] or volume flux measure-
ments [26].

Fig. 10 shows that for the coefficients φ12, φ23, φ32 and φ13 
the condition –0.035 ≤ φij ≤ +0.035 is fulfilled. In turn, for the 
coefficients φ22, φ33 and φdet the condition –0.41 ≤ φij ≤ +0.41 is 
fulfilled. The curves in Fig. 10 have sigmoidal shapes, for 
coefficients with symmetrical indexes φii and φdet are increas-
ing functions of C̄1 while coefficients with non-symmetrical 
indexes φij, i ¹ j are decreasing functions of C̄2. The values of 
all φij coefficients are in the range from –0.5 to 0.5. The char-
acteristic point of all curves is for glucose concentration of 
49.2 m3 mol m–3. At this point, the values of all coefficients 
are equal zero and all curves intersect at this point. Besides 
this point is the inflection point of all curves. Table 1 contains 

derivative 
∂

∂

φij
C1

 at this point, calculated for all graphs pre-

sented in Fig. 10.
As results from Fig. 10 and Table 1, the absolute val-

ues of changes of coefficients with different indexes in this 
same range of glucose concentration are much lower than 
for coefficients with these same indexes. Besides absolute 
values of derivatives of coefficients with different indexes 
over the glucose concentration at point C̄1o = 49.2 mol m–3 is 
also much lower than derivatives of coefficients with this 
same indexes.

3.4. Calculations of the coupling coefficients lij and lr
ij

The coupling coefficients lij and lr
ij were calculated based 

on Eqs. (10) and (11) and the respective concentration depen-
dencies of Lr

ij and Lij (i, j ∈ {1, 2, 3}, r = A, B) presented in Figs. 
6–8. The lr

ij and lij coefficients as functions of glucose concen-
tration (C̄1) for the constant value of ethanol concentration 
(C̄2 = 37.7 mol m–3) at the initial moment are shown in Fig. 11.

Graphs 1 and 2 in Fig. 11 show the dependencies 
of l23 and l32 on glucose concentration in membrane. 
From these graphs it results that the values l23 and l32 for 
45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 are constant and equal l23 = 0.14 
and l32 = 0.15 suitably. In turn graphs 1A, 1B, 2A and 2B 
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Fig. 10. Coefficients φij as functions of mean glucose concentra-
tion in the membrane for C̄2 = 37.7 mol m–3: φ12 (1′), φ32 (2′), φ23 (3′), 
φ13 (4′), φ22 (1), φ33 (2) and φdet (3).
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show nonlinear dependencies, respectively for: lA
23, lB

23, lA
32 

and lB
32. For 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values lA

23, lB
23 and 

lA
23, lB

23 fulfil relationships 0.83 ≤ lA
23 ≤ 0.26, 0.25 ≤ lB

23 ≤ 0.83, 
0.86 ≤ lA

32 ≤ 0.27 and 0.26 ≤ lB
32 ≤ 0.86. The graphs 1A and 

2A intersect at the coordinate point C̄1 = 49.2 mol m–3 and 
lA

23 = lB
23 = 0.43, while the curves 1B and 2B – at the coor-

dinate point C̄1 = 49.2 mol m–3 lA
32 = lB

32 = 0.45. The graphs 
5 and 3 in Fig. 11 show the dependencies l13 and l31 on glu-
cose concentration in membrane, respectively. The values 
of l13 and l31 for 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 are constant 
and equal l13 = l31 = 0.33. The graphs 5A and 5B show the 
nonlinear dependencies, respectively for lA

13 and lB
13. For 

45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values lA
13 and lB

13 fulfil 
relationships 0.45 ≤ lA

13 ≤ 0.9 and 0.9 ≤ lB
13 ≤ 0.46. The graphs 

3A and 3B show the nonlinear dependencies, respec-
tively for lA

31 and lB
31. For 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the  

values lA
31 and lB

31 fulfil relationships 0.44 ≤ lA
31 ≤ 0.88 and 

0.88 ≤ lA
31 ≤ 0.44. These graphs intersect at the coordinate 

point C̄1 = 49.3 mol m–3 and lA
13 = lB

13 = 0.59 and lA
31 = lB

31 = 0.6. 
Graph 4 in Fig. 11 shows linear dependence of l12 and 
graph 6 linear dependence of l21 = lA

21 = lB
21. The values 

of l12 for 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 fulfil relationship 
0.44 ≤ l12 ≈ l21 = lA

21 = lB
21 ≤ 0.46. Graphs 4B and 4A show the 

nonlinear dependence, respectively for lA
12 and lB

12. For 
45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values lA

12 and lB
12 fulfil rela-

tionships 0.98 ≤ lA
12 ≤ 0.61 and 0.59 ≤ lB

12 ≤ 0.98. These graphs 
intersect at the coordinate point C̄1 = 49.2 mol m–3 and 
lA

12 = lB
12 = 0.76. From Fig. 11 it results that 0.14 ≤ l21 ≤ 0.46, 

0.25 ≤ lij
B ≤ 0.97 and 0.97 ≤ lA

ij ≤ 0.26. In addition, for 
C̄1 = 45 mol m–3 the following relationships are satis-
fied: l23 = l32 < lB

23 < lB
32 < l13 < l31 < l12 = l21 = lA

21 = lB
21 < lB

31 < lB
13 

< lB
12 < lA

23 < lA
32 < lA

31 < lA
13 < lA

12 and for C̄1 = 51 mol m–3: 
l23 = l32 < lA

23 < lA
32 < l13 < l31 < lA

31 < lA
13 < l12 < l21 = lA

21 = lB
21 

< lA
12 < lB

23 < lB
32 < lB

31 < lB
13 < lB

12.
The graphs in Fig. 11 have characteristic shapes, depen-

dent on the configuration of the membrane system and 
homogeneity of solutions. In the case of homogeneous solu-
tions (mechanically stirred solutions – black lines 1, 2, 5, 3, 
4 and 6) the coefficients do not depend on the configura-
tion of the membrane system and are linearly dependent 
on the glucose concentration. Stirring of solutions with 
a suitable high rate of stirring causes that during trans-
port of solution through the membrane the CBLs do not 
appear and the fluxes through the membrane and forces 

on the membrane are maximal. In the case of non-homoge-
neous solutions (without stirring of solutions in chambers) 
appearance of CBLs near membrane causes that the suitable 
fluxes and forces on the membrane are lower than in the 
case of homogeneous solutions. This causes that the coeffi-
cients for suitable solute concentrations are higher than in 
homogeneous conditions. Besides the coupling coefficients 
for non-homogeneous conditions strongly depend on the 
membrane configuration. In A configuration, an increase of 
glucose concentration with constant ethanol concentration 
at the initial moment causes a decrease of coupling coef-
ficients. The range of greater changes of these coefficients 
is for glucose concentration from 48 to 51 mol m–3. In B 
configuration, an increase of glucose concentration causes 
an increase of coupling coefficients. The range of glucose 
concentrations for which the change of coupling coeffi-
cients in B configuration is maximal is in the range similar 
to A configuration of the membrane system. Values of all 
coupling coefficients fulfill the conditions 0 ≤ lij ≤ +1 and 
0 ≤ lr

ij ≤ +1, specified by Kedem and Caplan [16]. Analyzing 
the characteristics of coupling coefficients in non-homoge-
neous conditions we observed that for appropriate charac-
teristics in A and B configurations of the membrane system 
the crisscross of suitable pairs of characteristics (1A and 1B, 
2A and 2B, 5A and 5B, 3A and 3B, 4B and 4A) is observed at 
the concentration 49.2 mol m–3. For this concentration of glu-
cose, the densities of ternary solutions in upper and lower 
chambers at the initial moment are the same. In this case, 
we also observed the appearance of hydrodynamic instabil-
ities which causes disturbance of diffusive reconstruction of 
CBLs near the membrane. Despite the fact that the densities 
of solutions at the initial moment were this same the diffu-
sion of glucose and ethanol through the membrane caused 
the appearance of concentration gradients (and density 
gradients) in CBLs suitably high and directed oppositely to 
gravitation acceleration that the hydrodynamic instabilities 
can appear in the membrane system.

Table 1
Derivative 

∂

∂

φij
C1

 at point C̄1o = 49.2 mol m–3, for graphs presented 
in Fig. 10

Graph ∂

∂

φij
C1

 (mol m–3)

1 0.357
2 0.423
3 0.203
1′ –0.078
2′ –0.04
3′ –0.0263
4′ –0.0163

Fig. 11. The lr
ij and lij coefficients as functions of glucose concen-

tration for l23 (1), lA
23 (1A), lB

23 (1B), l32 (2), lA
32 (2A), lB

32 (2B), l31 (3), lA
31 

(3A), lB
31 (3B), l12 (4), lA

12 (4A), lB
12 (4B), l13 (5), l13

A (5A), lB
13 (5B) and 

l21 = lA
21 = lB

21 (6).
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3.5. Evaluation of energy conversion efficiency

To calculate coefficients eij = f(C̄1, C̄2 = 37.7 mol m–3)  
and eij

r = f(C̄1, C̄2 = 37.7 mol m–3) based on Eqs. (12)–(13) 
we used the respective concentration dependencies of 
lij = f(C̄1, C̄2 = 37.7 mol m–3) and lij.

r = f(C̄1, C̄2 = 37.7 mol m–3) 
(i, j ∈ {1, 2, 3}, r = A, B) presented in Figs. 6–8. The results of 
calculations are shown in Fig. 12.

Graphs 1 and 2 in Fig. 12 show that e23 = e32 = 0.005. 
In turn graphs 1A, 1B, 2A and 2B show nonlinear 
dependencies, respectively for: lA

23, lB
23, lA

32 and lB
32. For 

45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values lA
23, lB

23 and lA
23, lB

23 
fulfil relationships 0.3 ≤ eA

23 ≤ 0.017, 0.015 ≤ eB
23 ≤ 0.31, 

0.31 ≤ eA
32 ≤ 0.02 and 0.016 ≤ eB

32 ≤ 0.32. Graphs 1A and 1B 
intersect at the coordinate point C̄1 = 49.2 mol m–3 and 
eA

23 = eB
23 = 0.059, while the curves 2A and 2B – at the coor-

dinate point C̄1 = 49.2 mol m–3 eA
32 = eB

32 = 0.065. The graphs 3 
and 4 in Fig. 11 show that e13 = e31 = 0.029. Graphs 3A and 3B 
show the nonlinear dependencies, respectively for eA

13 and 
eB

13. For 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values eA
13 and eB

13 
fulfil relationships 0.414 ≤ eA

13 ≤ 0.056 and 0.056 ≤ lA
13 ≤ 0.406. 

Graphs 4A and 4B show the nonlinear dependencies, 
respectively for eA

31 and eB
31. For 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 

the values eA
31 and eB

31 fulfil relationships 0.392 ≤ eA
31 ≤ 0.055 

and 0.055 ≤ eB
31 ≤ 0.338. These graphs intersect at the coor-

dinate point C̄1 = 49.3 mol m–3 and eA
13 = eB

13 = 0.11 and 
eA

31 = eB
31 = 0.12. Graphs 5 and 6 in Fig. 11 show linear depen-

dences e12 ≈ e21 = eA
21 = eB

21. The values of these coefficients 
for 45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 fulfil relationship 0.054 
≤ e12 ≈ e21 = eA

21 = eB
21 ≤ 0.061. Graphs 5B and 5A show the 

nonlinear dependence, respectively for eA
12 and eB

12. For 
45 mol m–3 ≤ C̄1 ≤ 51 mol m–3 the values eA

12 and eB
12 fulfil rela-

tionships 0.3 ≤ eA
12 ≤ 0.11 and 0.1 ≤ eB

12 ≤ 0.32. These graphs 
intersect at the coordinate point C̄1 = 49.2 mol m–3 and 
eA

12·eB
12 = 0.18. From Fig. 11 it results that 0.005 ≤ eij ≤ 0.061, 

0.015 ≤ eB
ij ≤ 0.41 and 0.414 ≤ eA

ij ≤ 0.017. Besides for 
C̄1 = 45 mol m–3 the following relations are fulfilled: e23 = e32 

< eB
23 < eB

32 < e13 < e31 < e12 = e21 < eB
21 < eB

31 < eB
13 < eA

21 < eB
12 < eA

23 < eA
12 

< eA
32 < eA

31 < e13
A and for C̄1 = 51 mol m–3, e23 = e32 < eA

23 < eA
32 < e13 

< e31 < eA
31 < eA

13 < e12 = e21 = eA
21 = eB

21 < eA
12 < eB

23 < eB
12 < eB

32 < eB
31 < eB

13.
Nowadays, membrane separation is increasingly used 

in water and wastewater technology, and the research into 
membrane transport is the subject of scientific consider-
ations of a number of scientists all over the world [32–36]. 
Therefore, in scientific research centers, the multidirectional 
research is being conducted, not only into the separation of 
single- or multi-component solutions but also the develop-
ment of highly selective membrane materials.

4. Conclusions

Research has shown that:

• In order to describe transport processes of ternary solu-
tions of non-electrolytes through horizontally oriented 
membrane nine Peusner’s coefficients should be calcu-
lated Lr

ij (i, j ∈ {1, 2, 3}, r = A, B) and determinant of the 
matrix of these coefficients det[Lr].

• For Nephrophan membrane and aqueous solutions of 
glucose the values of coefficients Lr

12, Lr
13, Lr

21, Lr
22, Lr

23, Lr
31, 

Lr
32 and Lr

33 are dependent on concentration and config-
uration of the membrane system and these coefficients 
fulfill the relations Lr

12 ≠ Lr
21, Lr

13 ≠ Lr
31 and Lr

23 ≠ Lr
32.

• Concentration dependencies of coefficients φij = (LA
ij – LB

ij)/
Lij and φdet = (det[LA] – det[LB])/det[L]) facilitate estima-
tion of natural convection direction: for φij < 0 or φdet < 0 
natural convection is directed vertically upwards and 
for φij > 0 or φdet > 0 – vertically downwards.

• Value of coefficients φij and φdet (φij < 0, φdet < 0, φij = 0, 
φdet = 0, φij > 0 or φdet > 0) shows the influence of concen-
tration polarization and natural convection on the mem-
brane transport.

• The coupling (lr
ij) and energy conversion (eij

r ) coefficients 
linearly depend on glucose concentrations for mechan-
ically stirred solutions while in concentration polariza-
tion condition they nonlinearly depend on the glucose 
concentration in the membrane. Increase of glucose 
concentration in the membrane causes an increase of 
these coefficients in the case of configuration A while 
decreases of these coefficients in case of configuration 
B. The crisscross of suitable A and B characteristics are 
observed at glucose concentration C̄1 = 49.2 mol m–3.

• The Kedem–Katchalsky model, as a research tool, can 
be used for the research into membrane transport in 
environmental engineering and, in particular, for the 
description of the separation of solution components in 
water purification processes (e.g. desalination of water, 
marine water separation) and wastewater treatment.
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Symbols

lij —  Degree of coupling for diluted and homoge-
neous solutions

Fig. 12. The eij
r coefficients as functions of glucose concentration 

for: e23 (1), eA
23 (1A), eB

23 (1B), e32 (2), eA
32 (2A), eB

32 (2B), e13 (3), eA
13 (3A), 

eB
13 (3B), e31 (4), eA

31 (4A), eB
31 (4B), e12 (5), eA

12 (5A), eB
12 (5B), e21 (6), eA

21 
(6A) and eB

21 (6B).
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Jk
r —  Solute flux in non-homogeneous conditions, 

mol m‒2 s‒1

Ji —  Thermodynamic fluxes in homogeneous 
conditions

lr
ij —  Degree of coupling for diluted and non-homo-

geneous solutions
eij —  Energy conversion efficiency for diluted and 

homogeneous solutions
er
ij —  Energy conversion efficiency for diluted and 

non-homogeneous solutions
Jr
v —  Volume flux in non-homogeneous conditions, 

m s‒1

Lr
ij —  Symmetric Peusner’s coefficients for non-ho-

mogeneous solutions
Ji
r —  Thermodynamic fluxes in non-homogeneous 

conditions
Xi

r —  Thermodynamic forces in non-homogeneous 
conditions

Xi —  Thermodynamic forces in homogeneous 
conditions

C̄k —  Mean solute concentration in the membrane, 
mol m‒3

lh
r, ll

r —  Concentration boundary layers, CBLs
Cr

ki, Cr
ke —  Concentrations of solutions at interfaces: lh

r/M 
and M/ll

r

lh
r/M/ll

r —  Complex CBL/M/CBL
Ckh, Ckl —  Concentrations of solutions in chambers of the 

membrane system
DA, DB —  Diffusion coefficient in configurations A and B, 

m2 s‒1

Jk —  Solute flux in homogeneous conditions, 
mol m‒2 s‒1

Jv —  Volume flux in homogeneous conditions, m s‒1

Lij —  Symmetric Peusner’s coefficients for homoge-
neous ternary solutions

Lp — Hydraulic permeability coefficient, m3 N‒1 s‒1

Ph, Pl —  Hydrostatic pressures (h higher and l lower 
value), Pa

RC — Concentration Rayleigh number
RT —  Product of the gas constant and thermodynamic 

temperature, J mol‒1

ΔP —  Hydrostatic pressure difference, Pa

Greek letters

Δπ — Osmotic pressure difference, Pa
σ — Reflection coefficient
δh

r, δl
r —  Thickness of concentration boundary layers in 

configurations A and B of membrane system, m
ωks — Solute permeability coefficient, mol N‒1 s‒1

zp — Hydraulic concentration polarization coefficient
zv — Osmotic concentration polarization coefficient
zs — Diffusive concentration polarization coefficient
ζa —  Advective concentration polarization  

coefficient
ζks

r — Concentration polarization coefficient
ρl, ρh — Densities of solutions outside of CBLs, kg m‒3

ρi
r, ρe

r —  Densities of solutions at the interfaces: lh
r/M 

and M/ll
r, kg m‒3
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