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a b s t r a c t
Concentration polarization is an effect of concentration boundary layers formation by solutions 
transported through a membrane. The paper was aimed at determining the osmotic membrane 
transport of a ternary solutions under concentration polarization conditions. Volume fluxes (Jvk

r) in 
a system containing a Nephrophan® membrane set in a horizontal plane separating water and aque-
ous ammonia and/or H2SO4 solutions were experimentally studied. The experimental results were 
used to evaluate the effects of concentration polarization, natural convection, and amplification of 
Jvk

r using defined coefficients. It was shown that for the homogenous solutions Jvk depends on the 
concentration and composition of the solutions, whereas for concentration polarization conditions, 
Jvk

r additionally depends on the configuration of the membrane system. Next, Jvk was used to assess 
the production of entropy for the conditions of homogeneity of solutions (ΦSk), while Jvk

r was used 
to assess the production of entropy for concentration polarization conditions (ΦSk

r). In addition, the 
diffusion–convective effects and the convection effect in the source of entropy were calculated. The 
concentration polarization coefficient ζi

r was related to a modified concentration Rayleigh number, 
for example, the parameter controlling the transition from the non-convective (diffusive) to the con-
vective state. The results show that the Rayleigh number acts as a switch between two states of the 
concentration field: a convective with a higher entropy production and a non-convective with a lower 
entropy production. Therefore, membrane transport under polarization concentration conditions 
leads to a decrease in the entropy production. Understanding the membrane transport properties 
and mechanism can be used for developing and improving membrane technologies and techniques 
useful in medicine and in water and wastewater treatment processes.
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1. Introduction

Membrane transport processes occur in biological organ-
isms and in physicochemical systems, in which a membrane 
constitutes a selective barrier that separates the interior 
of the system from the exterior. Transport processes are 
driven by various types of physical fields such as concen-
tration, pressure, temperature or electric potential fields and 
therefore they participate in shaping the field character of 
nature [1,2]. Physical fields are modified by the flows gen-
erated by driving forces that may result in diffusive con-
centration polarization [3]. Biological membranes are used 
in various branches of science, technology, medicine and 
industry [4]. The majority of membrane materials used for 
osmosis-based membrane systems are either highly stable 
polymers, such as polybenzimidazole, polyamide, polytri-
azole, cellulose acetate, or biodegradable polymers such 
as lactic acid, bacterial cellulose, and chitosan [5–9].

Cellulose acetate was used as a film-forming material 
used in this study.

In thermodynamic systems, including membrane sys-
tems, internal energy (U) is converted into free energy (F) 
and dispersed energy (TS), where T – absolute temperature, 
S – entropy) according to the equation U = F + TS. The rate 
of change in the entropy of the system (dS/dt) is the sum 
of the rate of entropy exchange between the system and 
the environment (dSe/dt) and the rate of entropy formation 
inside the system (dSi/dt) [10,11]. The rate of entropy cre-
ation or production within the system is given by the expres-
sion dS dt dVi s/ � �� , where ϕs – the source of entropy. In an  
irreversible process, ϕs is always greater than zero, and in 
a reversible process is equal to zero. The source of entropy 
φs determines the rate of formation of S-entropy (dSi/dt) 
in the volume unit (V) of the tested system and satisfies 
the relation [12–14]:

ϕs
i

k k
kT V

dS
dt

X J=
⋅

= >∑1 0  (1)

This equation shows that the set of thermodynamic 
forces (Xk) occurring in the system causes irreversible flows 
conjugated and opposite to them, measured by the fluxes 
Jk [8,10]. These fluxes reduce the value of the stimuli that 
induce them and lead the system to the state of equilibrium 
that exists until ϕs > 0 [12]. The product T·ϕs expresses the 
amount of energy dissipated per time unit and is called the 
dissipation function [13]. For a system containing a Δx-thick 
membrane that separates two homogeneous solutions 
of different concentrations, the source of entropy for the 
membrane is Φ Φ

∆

Sk Sk

x
dx= ∫0

 [11].
For concentration polarization conditions, if the solu-

tions contain a solvent and k solutes, the global source of 
entropy is described by the equation [15,16].
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where: ΦSk
r – global entropy source for the concentration 

polarization conditions, Jvk
r and Jk

r – volume and solute fluxes, 
respectively, for the conditions of concentration polarization 
of solutions, r = A or B configuration of the membrane sys-
tem, ΦSk

r

Jvk
r( )  – S-entropy produced by Jvk

r, ΦSk
r

Jk
r( )  – S-entropy 

produced by Jk
r, ΔP and Δπk = RTΔCk – differences of hydro-

static and osmotic pressures, respectively (RT – the product 
of the gas constant and temperature, ΔCk – difference of the 
concentration of solutions), C C C C Ck hk lk hk lk� �� � � ��

�
�
�

�
�

ln 1
1
 – 

mean concentration of the solution in the membrane (M) 
or complex lh

r/M/ll
r.

In previous papers, we showed that, fluxes Jvk
r and Jk

r 
depend on the transport properties of the membrane, the 
configuration of the membrane system as well as the phys-
icochemical properties and composition of solutions sepa-
rated by the membrane [3,17–20]. The values of these fluxes 
were shown to be higher under convective conditions than 
under non-convective conditions [3,17]. Additionally, we 
described he volume Jvk

r and solute Jk
r fluxes as a non-lin-

ear function of the concentration gradients of the solution 
components for ternary solutions, that consist of water and 
two solutes of which one causes an increase and the other a 
decrease in the density as their concentration increases. As 
we showed previously, due to Eq. (2), the source of entropy 
for the concentration polarization conditions (ΦSk

r), was a 
non-linear function of Jvk

r and/or Jk
r and � �S

r

J Sk
r

Jk
k
r

vk
r� � �� � ��  

[3,15,21]. Concentration polarization can be studied using 
binary and ternary solutions [17]. Previously, we studied 
binary solutions that contained one dissolved substance 
such as ethanol, ammonia, potassium chloride, sodium 
chloride, hydrogen chloride, copper(II) sulfate or glucose as 
well as ternary solutions, that contained two dissolved sub-
stances, such as ethanol/glucose, ethanol/sodium chloride, 
ethanol/copper(II) sulfate, ammonia/potassium chloride, 
ammonia/hydrogen chloride [3,15–19,21].

In this paper we aim to determine the osmotic membrane 
transport of a ternary solutions under concentration polar-
ization conditions. We use a single-membrane system with a 
membrane located in the horizontal plane separating water 
and a solution that consist of water, ammonia and/or sul-
furic acid.

In this system, we experimentally determined fluxes 
Jvk and Jvk

r to calculate the coefficients of amplification of 
the volume flux (ak

r), convection effects (γk), the effects of 
concentration polarization (ζvk

r) and the sources of entropy 
� �Sk J Sk

r

Jvk vk
r� � � �and . Additionally, the effect of the concen-

tration of individual components of the solutions and the 
configuration of the membrane system on the value of Jv and 
Jvk

r was described in homogenous solutions and under con-
ditions of concentration polarization. The obtained results 
show that osmotic fluxes are amplified for ternary compared 
to binary solutions in a studied membrane system and that 
the entropy production non-linearly depend on a concen-
tration difference.

We also showed that the Rayleigh number, for example, 
the parameter controlling the transition from the non-con-
vective (diffusive) to the convective state, acts as a switch 
between a convective and a non-convective state. Therefore, 
membrane transport leads to a decrease in the entropy 
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production under polarization concentration conditions. 
Membrane transport properties, showed in this paper, can 
be applied to improve membrane technologies in medicine 
as well as in water and wastewater treatment processes.

2. Model of the membrane system

The membrane system used as a model for volume 
transport is illustrated schematically in Fig. 1 [3,20]. In this 
system, a neutral, symmetrical, isotropic and selective mem-
brane (M) situated in the horizontal plane separates two 
solutions with the initial concentrations Chk and Clk (Chk > Clk, 
k = 1, 2). In configuration A, a solution with a concentration 
Clk, is localized in the compartment above the membrane and 
a solution with a concentration Chk is localized in the com-
partment below the membrane. In configuration B, locations 
of solutions with concentration Clk and Chk are reversed. If 
it is assumed that the driving force for osmotic flows is the 
difference in concentrations between the solutions filling 
the upper and lower compartments, then for the configu-
ration A, ΔCk > 0, and for the configuration B, ΔCk < 0.

According to the laws of diffusion, water and dissolved 
substances penetrating through the membrane form con-
centration boundary layers (CBLs) indicated by lh

r and ll
r 

(r = A, B) on both sides of the membrane. The phenome-
non of creating CBLs is called concentration polarization. 
The thickness of a concentration boundary layer lh

r is indi-
cated by δh

r and the thickness of a lh
r is indicated by δl

r. In 
non-convection conditions, these thicknesses increase with 
time according to the dependencies δh

r = kht0.5 and δl
r = klt0.5, 

where kh and kl are experimentally determined constants 
[23–25]. For aqueous ethanol solutions and t = 2,500 s, the 
thickness of these layers is about 5 mm [23]. The creation 
of these layers leads to a decrease in the concentration dif-
ference from the value of Chk – Clk to the value of Chk

r – Clk
r, 

where Chk
r > Clk

r, Chk > Chk
r and Clk

r > Clk.
When the solution of lower density is placed in the com-

partment under the membrane, and the solution of higher 
density in the compartment above, the lh

r/M/ll
r complex 

loses hydrodynamic stability and, consequently, free con-
vection may occur in the adjacent areas [25,26]. When the 

thicknesses of the concentration layers δh
r and δl

r reach the 
critical thickness (δh

r)crit. and (δl
r)crit. and the concentration 

Rayleigh numbers (RCh, RCl), that control the process of nat-
ural convection, reach critical values, hydrodynamic insta-
bilities occur [27]. As previously shown [26], (δl

r)crit. reaches 
the value of 0.5–1 mm. Over time, the destructive effect of 
natural convection limits the growth of δh

r and δl
r and accel-

erates the diffusion of the substance beyond the layers, 
which extends the effect of convection to the entire volume 
of the solution. Under certain conditions, even liquid struc-
turing may occur, which is manifested by the appearance 
of plum structures [28,29]. The process of creating CBLs 
can be visualized by optical methods [23,24].

The process of creation of CBLs is accompanied by a 
decrease in values of the volume flux [18,19]. Their measure 
is the volume fluxes (Jvk, Jvk

r), which can be described by the 
Kedem–Katchalsky equation for homogeneous and concen-
tration polarization conditions [18]

J L P L RT Cvk p p k k k
k
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where Lp and σk – hydraulic permeability and reflec-
tion coefficients, εk (1 ≤ εk ≤ 2) – the Van’t Hoff coefficient 
(for non-dissociating substances εk = 1, and for fully dis-
sociated substances εk = 2), ζp

r and ζvk
r are the hydrau-

lic and osmotic concentration polarization coefficients, 
respectively, ΔP – hydrostatic and osmotic pressure differ-
ences, respectively, RT – the product of the gas constant and 
the absolute temperature, ΔCk – concentration difference 
(r = A, B; k = 1, 2, ..., n). The first components of Eqs. (3) and 
(4) relate to hydraulic volume fluxes, and the second – to 
osmotic volume fluxes.

To show the relationship between the Jvk
r and Jvk fluxes for 

configurations A and B of the membrane system (r = A, B), 
the following expressions were defined by Eqs. (3) and (4).

 Fig. 1. Model of single-membrane system: M – membrane, g – gravitational acceleration, ll
A and lh

A – the concentration boundary layers 
in configuration A, ll

B and lh
B – the concentration boundary layers in configuration B, Ph and Pl – mechanical pressures, Chk and Clk – 

global solution concentrations (Chk > Clk), Clk
A, Chk

A, Clk
B and Chk

B – local (at boundaries between membrane and CBLs) solution concentra-
tions, Jvk

A – solute and volume fluxes in configuration A, Jvk
B – solute and volume fluxes in configuration B, (k = 1 or 2) [20].
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The values of the γvk coefficients show the influence of 
concentration polarization and gravitational convection 
on membrane transport. These coefficients can be a mea-
sure of the distance of convective processes from the criti-
cal (non-convection) state and meet the criterion: 1 ≤ γvk ≤ 1. 
In the critical state γvk = 0. It means that Jvk

A = Jvk
B (k = 1 or 

2). The condition γvk = +1 is fulfilled if Jvk
A = 0 and Jvk

B = Jvk, 
whereas γvk = –1 is true if Jvk

B = 0 and Jvk
A = Jvk.

If the solutions contain a solvent and k of dissolved sub-
stances, then the source of entropy generated by volume 
flows, corresponding to the conditions of homogeneity of 
solutions, is described by the equation [12,15,16].

Φ ∆ ∆Sk J vk k k
kvk T

J P( ) = ±




=

∑1
1

2

ε π  (6)

where �Sk Jvk
� �  is the S-entropy produced by Jvk, Jvk – volume 

flux for the homogeneity conditions of the solutions, ΔP 
and Δπk – differences in hydrostatic and osmotic pressures, 
εk (1 ≤ εk ≤ 2) – the Van’t Hoff coefficient (k = 1 or 2).

Under real conditions, the homogeneity of the solu-
tions is disturbed by the concentration polarization, that 
results in CBLs that are spontaneously formed on both 
sides of the membrane. For the conditions of concentration 
polarization, Eq. (6) takes the form [15,16]:
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where �Sk
r

Jvk
r� �  is the S-entropy produced by Jvk

r, Jvk
r – vol-

ume flux for the concentration polarization conditions of 

solutions, r = A or B means the configuration of the mem-
brane system and (k = 1 or 2).

3. Methodology for measuring the volume flux

The study of the volume fluxes (Jvk, Jvk
r) were carried out 

using the measuring set presented in Fig. 2 and described 
in the previous papers [27,30].

Briefly, the set consisted of two cylindrical measur-
ing vessels (h, l) with a volume of 200 cm3 each. The ves-
sel h contained the tested binary or ternary solution, while 
the vessel l contained pure water. Aqueous solutions of 
ammonia (NH3·H2O) or aqueous solutions of H2SO4 were 
used as binary solutions. The ternary solutions were solu-
tions of ammonia in an aqueous solution of H2SO4 or solu-
tions of H2SO4 in an aqueous solution of ammonia. The 
density of aqueous ammonia solutions is lower than the 
density of water, and the density of the aqueous solution 
of H2SO4 is greater than the density of water. However, 
the density of ammonia solutions in the aqueous solu-
tion of H2SO4 and the density of the solutions of H2SO4 in 
the aqueous ammonia solution may be lower, equal to, 
or greater than the density of water. For the conditions of 
concentration polarization, the value of the volume flux of 
aqueous solutions of ammonia and sulfuric acid depends 
on the density of the solutions separated by the membrane, 
because restoration of the density gradient in respect to g 
determines the stability or instability of CBLs. The vessels 
h and l were separated by a synthetic polymeric biomem-
brane (Nephrophan®, VEB Filmfabrik, Wolfen, Germany) 
with an area surface of A = 3.36 cm2. Nephrophan is a 
microporous, highly hydrophilic membrane made of regen-
erated cellulose and used in hemodialyzers [31]. Transport 
properties of Nephrophan® were determined according 
to the Kedem and Katchalsky formalism by the following 
coefficients: hydraulic permeability (Lp), reflection (σ) and 
permeability diffusion (ω) [12]. The values of these coef-
ficients for aqueous solutions of ammonia (index 1) and 
H2SO4 (index 2), determined in a series of independent 

 
Fig. 2. Measuring system (h, l – measuring vessels, N – external solution tank, s – mechanical stirrers, M – membrane, K – calibrated 
pipette, m – magnets, z – plugs) [22]. (b) Images of cross-section nephrophane membrane obtained from scanning electron microscope 
(magnification 10,000 times) [22].
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experiments, were: Lp = 5 × 10–12 m3 N–1 s–1, σ1 = 0.01, σ2 = 0.05, 
ω1 = 2.7 × 10–9 mol N–1 s–1 and ω2 = 6.1 × 10–9 mol N–1 s–1. 
The membrane was situated in the horizontal plane, that 
is, perpendicular to the gravitational acceleration (g) and 
parallel or antiparallel to the density gradient (Δρ) [17]. 
For small concentration (Ck) the dependence of density on 

concentration is linear, so �� �
�

�
�� C

C
k

kk , where 
�
�
�
Ck

 > 0 or 
�
�
�
Ck

 < 0. Only this position of the membrane makes it pos-

sible to evaluate the effects of concentration polarization 
and the effects of free convection in volume fluxes.

The vessel with a the test solution was connected to a 
graduated pipette (KP), placed in a plane parallel to the 
plane of the membrane. The graduated pipette was used 
to measure the increase in volume of the solution (ΔV) in 
the vessel h. A vessel with water connected to a water res-
ervoir (N) with adjustable height relative to the pipette was 
used to compensate for the hydrostatic pressure (ΔP = 0) 
present in the measurement set.

The studies of Jvk and Jvk
r were carried out according to 

the procedure described in the previous paper [17]. Each 
experiment was performed for configurations A and B of 
the membrane system in two stages. In the first stage, the 
study of volume flux (Jvk) was carried out under the condi-
tions of intensive stirring of the solutions separated by the 
membrane with the use of mechanical stirrers. In the sec-
ond-stage, volume fluxes (Jvk

r) were examined after switch-
ing off the mechanical stirring. At each stage, the tests 
were carried out until steady states of the volume fluxes 
were obtained. Switching off the mechanical stirring of the 
solutions causes a transition from the conditions of homo-
geneity to the conditions of concentration polarization of 
solutions characterized by CBLs created on both sides of 
the membrane. These layers are destroyed under condi-
tions that favor the occurrence of natural convection pro-
cesses, controlled by the Rayleigh concentration number 
[25–27]. Therefore, membrane transport is usually osmot-
ic-diffusion–convective in unstable conditions.

All studies of Jvk and Jvk
r fluxes were carried out in iso-

thermal conditions at T = 295 K. The volume flux was cal-
culated based on measurements of the volume change 
(ΔV) in the pipette over time Δt through the membrane 
area surface (A), using the formula Jvk = (ΔVr)A–1(Δt)–1, for 
conditions ΔP = 0. Jvk and Jvk

r always occurred from the 
solution with a lower concentration to the solution with a 
higher concentration. To distinguish volume fluxes in or 
against the acceleration due to gravity (g), the following 
convention was adopted: if Jvk

r and g are parallel, a nega-
tive sign of Jvk

r and a negative sign of Δπ were assumed, 
whereas if Jvk

r and g are opposite, a positive sign of Jvk
r and a 

positive sign of Δπ were assumed.
To study volume fluxes in both configurations of the 

membrane system, the time dependences of the Jvk and Jvk
r 

were determined for different concentrations and composi-
tions of solutions. Each measurement series was performed 
in triplicate. The relative error in determining Jvk

r and Jvk was 
not greater than 5%. Based on the characteristics Jv1

r = f(t), 
Jv1 = f(t), Jv2

r = f(t) and Jv2 = f(t), for the steady state, the char-
acteristics Jv1

r = f(ΔC1, ΔC2 = const.), Jv1 = f(ΔC1, ΔC2 = const.), 
Jv2

r = f(ΔC2, ΔC1 = const.) and Jv2 = f(ΔC2, ΔC1 = const.).

4. Results and discussion

4.1. Concentration dependencies of the volume flux 
for conditions of homogeneity of solutions

The dependencies Jv1 = f(ΔC1, ΔC2 = const.) and 
Jv2 = f(ΔC2, ΔC1 = const.) were plotted for homogeneity con-
ditions of solutions (Figs. 3a and b). Homogeneity condi-
tions were obtained by mechanical stirring of the solutions 
at a speed of 500 rpm. For binary solutions (graphs 1) the 
dependencies Jv1 = f(ΔC1, ΔC2 = 0 and Jv2 = f(ΔC2, ΔC1 = 0) were 
linear. For ternary solutions the dependencies Jv1 = f(ΔC1, 
ΔC2 = 100 mol m–3), Jv1 = f(ΔC1, ΔC2 = 200 mol m–3) and Jv1 = 
f(ΔC1, ΔC2 = 300 mol m–3), as well as the dependencies Jv2 = f
(ΔC2, ΔC1 = 250 mol m–3), Jv2 = f(ΔC2, ΔC1 = 500 mol m–3) and 
Jv2 = f(ΔC2, ΔC1 = 750 mol m–3) should also be linear, shifted 
from the graphs 1 by the value Jv1 or Jv2 obtained for the 
appropriate and fixed values of ΔC2 or ΔC1. This means that 
the Jv1 or Jv2 fluxes should be the sum of the fluxes caused 
by ΔC1 and ΔC2. However, this is not true, because this flux 
is the sum of the fluxes caused by ΔC2 and twice the flux 
caused by ΔC1. This means that aqueous ammonia solutions 
(NH3·H2O) behave like non-electrolytes: 100 mol m–3 aque-
ous ammonia solution at 18°C consists of 46.2% NH3, 52.4% 
NH4OH (NH3·H2O) and 1.4% [NH4]+ [32]. Moreover, as the 
concentration of the solutions increases, the degree of dis-
sociation decreases. Therefore, the difference in the osmotic 
pressure of NH3·H2O in the binary solution is Δπ1 = RTΔC1. 
In ternary solutions, in the presence of a strong electrolyte, 
such as an aqueous solution of H2SO4, the following pro-
cess likely takes place: 2(NH3·H2O) + H2SO4 ↔ 2NH4OH + 
H2SO4 ↔ (NH4)2SO4 + 2H2O ↔ 2[NH4]+ + [SO4]2– + 2H+ + 2O
H–. This means that the presence of H2SO4 causes com-
plete dissociation of NH4OH and an increase in the osmotic 
pressure difference to the value of Δπ1 = RTΔC1. In contrast, 
H2SO4, a strong electrolyte, occurs in a dissociated form both 
in binary and ternary solutions. Therefore, the difference 
of the osmotic pressure of H2SO4 is Δπ2 = 2RTΔC2.

4.2. Concentration dependence of the volume flux for 
concentration polarization conditions

The dependency Jv1
A = f(ΔC1, ΔC2 = const.) was plotted 

for A (r = A) configuration and Jv1
B = f(ΔC1, ΔC2 = const.) for 

B (r = B) configuration of the membrane system (Fig. 3c).  
Accordingly, the dependency Jv2

A = f(ΔC2, ΔC1 = const.) 
was plotted for A (r = A) configuration and 
Jv2

B = f(ΔC2, ΔC1 = const.) for B (r = B) configuration of the 
membrane system (Fig. 3d). Curves 1A and 1B in Fig. 3c 
show that an increase in the value of ΔC1 in binary solu-
tions (ΔC2 = 0) causes a linear increase of the Jv1

A and Jv1
B 

(Jv1
A > Jv1

B). On the contrary, the characteristics 3A and 3B, 
4A and 4B as well as 5A and 5B obtained for ternary solu-
tions were shown to be non-linear. For configuration A, an 
increase in the value of ΔC1 in ternary solutions (ΔC2 > 0) 
causes a non-linear increase in the value of the Jv1

A flux, 
and in the configuration B, a step decrease followed by an 
increase in the value of the Jv1

B flux. Moreover, an increase 
in the value of ΔC2 shifts the 3A curve in respect to the 2A 
curve and shifts the 4A curve in respect to the 3A curve 
by � �C1� � � 394 mol m–3. Additionally, an increase in the 
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value of ΔC2 shifts the 3B curve in respect to 2B curve by 
� � � �� �C1  678 mol m–3 and shifts the 4B curve in respect 
to the 3B curve by � � � �� �C1  743 mol m–3.

Curves 1A and 1B in Fig. 2d show that the increase in 
the value of ΔC2 in binary solutions (ΔC1 = 0) causes a lin-
ear increase of Jv2

A and Jv2
B (Jv2

A < Jv2
B). On the contrary, the 

characteristics 3A and 3B, 4A and 4B as well as 5A and 5B 
obtained for ternary solutions are non-linear. For config-
uration A an increase in the value of ΔC2 in ternary solu-
tions (ΔC1 > 0) causes a step increase and then a non-linear 
decrease in the value of the Jv2

A flux, while in the configura-
tion B – a decrease in the value of the Jv2

B flux. Moreover, an 
increase in the value of ΔC1 shifts the 4A curve in relation to 
the 3A curve and also shifts the 5A curves in relation to the 
4A curves by � �C1� � � 52 mol m–3. Additionally, an increase 

in the value of ΔC1 shifts the 4B curve in relation to the 3B 
curve and also shifts the 5B curve in relation to the 4B curve 
by � � � �� �C1  15 mol m–3, with a simultaneous increase in 
the value of Jv2

B. Moreover, the curves 2A, 3A, 4A and 5A as 
well as the curves 2B, 3B, 4B and 5B shown in Figs. 3A and 
3B are centrally asymmetric with respect to the point with 
the coordinates (0, 0), which is caused by partial destruction 
of CBLs by natural convection [17,33].

The hydrodynamics of CBLs in particular configurations 
of the membrane system under membrane transport condi-
tions should be considered when analyzing the character-
istics Jv1

r = f(ΔC1, ΔC2 = const.) and Jv2
r = f(ΔC2, ΔC1 = const.) 

shown in Figs. 3C and 3D. Hydrodynamic instabilities 
appear for sufficiently high concentrations of ammonia or 
H2SO4, when the aqueous ammonia solution (index 1) is 

 
(a)                                                                 (b) 

(c)                                                                          (d)  
Fig. 3. Concentration dependencies of the volume flux for the conditions of homogeneity and polarization of solutions separated 
by the membrane. Experimental dependence Jv1 = f(ΔC1, ΔC2 = const.) for the conditions of homogeneity of (a) NH4OH solution in 
aqueous H2SO4 solution and (b) H2SO4 solution in aqueous NH4OH solution. Experimental dependence Jv1

r = f(ΔC1, ΔC2 = const.), 
(r = A, B) for the concentration polarization conditions of (c) NH4OH solution in aqueous H2SO4 solution and (d) H2SO4 solution 
in aqueous NH4OH solution.
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in the compartment below the membrane (configuration 
A) and the aqueous solution of H2SO4 (index 2) is in the 
compartment above the membrane (configuration B). Such 
instabilities are not observed even for high values of ΔC1 (in 
the case of aqueous ammonia solutions) or ΔC2 (in the case 
of aqueous H2SO4 solutions) when the aqueous ammonia 
solution is in the compartment above the membrane (con-
figuration B) and the aqueous solution of H2SO4 is in the 
compartment under the membrane (configuration A). The 
characteristics Jv1

r = f(ΔC1, ΔC2 = 0) and Jv2
r = f(ΔC2, ΔC1 = 0) 

obtained for binary solutions in configurations A and B 
clearly differ due to the different conditions of reaching 
the steady states Jv1

r and Jv2
r. The slope of the characteris-

tic Jv1
r = f(ΔC1, ΔC2 = 0) for configuration A is greater than 

in configuration B as expected due to the occurring hydro-
dynamic instabilities. For the same reason, the slope of 
the characteristic Jv2

r = f(ΔC2, ΔC1 = 0), for configuration B 
is greater than for configuration A. This is due to the fact 
that hydrodynamic instabilities observed in configuration 
A for aqueous ammonia solutions, and in configuration B 
for water solutions of H2SO4, cause destruction of CBLs and 
improve membrane transport.

Adding H2SO4 to an aqueous solution of ammonia or 
ammonia to an aqueous solution of H2SO4, influences, by 
changing the density of the solutions, the conditions of occur-
rence of hydrodynamic instabilities. H2SO4 causes an increase, 
while ammonia a decrease in the density of solutions with 
an increase in their concentration. Therefore, hydrodynamic 
instabilities are observed at higher concentrations of ammo-
nia or H2SO4 in the configuration A of a membrane system 
containing ammonia solutions in H2SO4 aqueous solution 
and in the configuration B of a membrane system contain-
ing H2SO4 solutions in aqueous ammonia solution. This is 
manifested by lower values of Jv1

A for small ΔC1 or smaller 
values |–Jv2

B| for small |–ΔC2| compared to the binary solu-
tion. The appearance of hydrodynamic instabilities in both 
compartments can be associated with the ΔC1 range, in 
which a rapid increase of Jv1

A is observed in the steady state, 
and with the |–ΔC2| range, in which a rapid increase in the 
value of |–Jv2

B| is observed in the steady state.
For higher values of ΔC2, the observed increase in 

the value of Jv1
A occurs at higher values of ΔC1. Further 

increase of ΔC1 leads to a transition of the characteristic 
Jv1

A = f(ΔC1, ΔC2 = const.) to the linear range to which all the 
characteristics tend for different ΔC2. However, the higher 
ΔC2, the later the characteristic approaches a common lin-
ear range at higher ΔC1. In contrast, an observed increase in 
value |–Jv2

B| occurs for higher values |–ΔC1| and lower val-
ues of |–ΔC2|. Further increasing |–ΔC2| leads to the tran-
sition of the characteristic Jv2

B = f(ΔC2, ΔC1 = const.) into the 
linear range to which all the characteristics pursue for dif-
ferent |–ΔC1|. The greater |–ΔC1|, the later the characteristic 
approaches the common linear range with smaller |–ΔC2|. 
Values of Jv1

A are greater for ternary solutions compared to 
Jv1

A for binary solutions for the same ΔC1 and values of |–
Jv2

B| are greater for ternary solutions compared to |–Jv2
B| for 

binary solutions for the same |–ΔC2|. This is associated with 
larger amounts of molecules in the solution, and thus with a 
larger osmotic stimulus ΔC1 and larger |–ΔC2|. The non-lin-
ear transition in the characteristics Jv1

r = f(ΔC1, ΔC2 = const.) 
and Jv2

B = f(ΔC1, ΔC2 = const.) can be related to a gradually 

increasing influence of hydrodynamic instabilities on the 
transport in a membrane system. The linear range for higher 
ΔC1 and higher |–ΔC2| can be related to the intense 
(steady, saturated) nature of hydrodynamic instabilities in 
the membrane system, responsible for the increase of the 
osmotic membrane transport.

The situation is different for B configuration of the mem-
brane system containing ammonia solutions in an aqueous 
H2SO4 solution and in the A configuration of the membrane 
system containing H2SO4 solutions in the aqueous ammo-
nia solution. Adding H2SO4 to aqueous ammonia solutions 
in the B configuration, and adding ammonia to aqueous 
H2SO4 solutions the A configuration, causes hydrodynamic 
instabilities in the system, resulting in a significant sepa-
ration of the characteristics Jv1

B = f(ΔC1, ΔC2 = const.) and 
Jv2

A = f(ΔC2, ΔC1 = const.) for ternary solutions from the 
characteristics for binary solutions, already for small val-
ues of ΔC1 and |–ΔC2|, respectively. Increasing the value of 
ΔC1, with a fixed ΔC2 or |–ΔC2| at fixed |–ΔC1| causes a sig-
nificant deviation in the characteristics for the ternary solu-
tion compared to the characteristics for the binary solution. 
Further increase of ΔC1 or |–ΔC2| causes, upon the range of 
stable influence of hydrodynamic instabilities, almost the 
same value of Jv1

B and Jv2
A for the ternary solution and grad-

ual approaching of the characteristics for ternary and binary 
solutions. This may be related to the gradual reduction of the 
influence of hydrodynamic instabilities on membrane trans-
port until they are completely eliminated with sufficiently 
large ΔC1 or |–ΔC2| which leads to the overlapping of the 
characteristics for the binary and ternary solutions. Increase 
in ΔC2 or |–ΔC1| causes the extension of the ternary solution 
characteristic towards higher ΔC1 or |–ΔC2| while increas-
ing the observed maximum volume fluxes, which can be 
explained by the greater intensity of hydrodynamic instabili-
ties in the compartments of the membrane system.

4.3. Concentration polarization effect

The effect of concentration polarization of the solutions 
separated by the membrane positioned in the horizontal 
plane in relation to the volume osmotic fluxes result from 
the comparison of the characteristics Jv1

r = f(ΔC1, ΔC2 = const.) 
and Jv1 = f(ΔC1, ΔC2 = const.), and Jv2

r = f(ΔC2, ΔC1 = const.) 
and Jv2 = f(ΔC2, ΔC1 = const.). The measure of this effect is 
the concentration polarization coefficient denoted by ζvk

r, 
(k = 1, 2 and r = A, B), the definition of which is presented in 
the expression

�vk
r vk

r

vk

J
J

�  (8)

where Jvk
r, Jvk – volume fluxes, respectively, for the conditions 

of concentration polarization and homogeneity of solutions, 
caused by the same change in concentration ΔCk. The super-
script r = A, B denotes the configuration of the membrane 
system, while the subscript k = 1, 2 refers to the solution 
component.

The calculated results of the ζv1
r coefficient shown 

in Fig. 4a using curves 1A–4A and curves 1B–4B were 
obtained based on Eq. (8), taking into account the 
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characteristics shown in Figs. 3A and 3C. For curves 2A and 
2B, the values of the coefficients ζv1

A for ΔC1 = 562.3 mol m–3 
and ζv1

B for ΔC1 = –562.3 mol m–3 are the same and equal to 
ζv1

A = ζv1
B = 0.12. Similarly, for the curves 3A and 3B the values 

of the coefficients ζv1
A for ΔC1 = 791.8 mol m–3 and ζv1

B for 
ΔC1 = –791.8 mol m–3 are the same and equal to ζv1

A = ζv1
B = 0.15. 

Finally, for curves 4A and 4B the values of the coefficients ζv1
A 

for ΔC1 = 1,514.7 mol m–3 and ζv1
B for ΔC1 = –1,514.7 mol m–3 

are the same and equal to ζv1
A = ζv1

B = 0.17.

The concentration dependencies of the ζv2
r coefficient 

illustrated in Fig. 4b using the curves 1A–4A and curves 
1B–4B, were obtained by including the characteristics 
shown in Figs. 3B and 3D in Eq. (8). For curves 2A and 2B, 
the values of the coefficients ζv2

A for ΔC2 = 51.9 mol m–3 
and ζv2

B for ΔC2 = –51.9 mol m–3 are the same and equal to 
ζv2

A = ζv2
B = 0.06. Similarly, for curves 3A and 3B, the val-

ues of the coefficients ζv2
A·ΔC2 = 89.1 mol m–3 and ζv2

B for 
ΔC1 = –89.1 mol m–3 are the same and equal to ζv2

A = ζv2
B = 0.16. 

(a)                                                                  (b) 

 
(c)                                                                            (d)  

Fig. 4. Effects of concentration polarization and convection. (a) The dependence ζv1
A = f(ΔC1, ΔC2 = const.), (curves 1A–4A) 

and ζv1
B = f(ΔC1, ΔC2 = const.), (curves 1B–4B) for NH4OH solutions in H2SO4 aqueous solutions and configurations A and B of 

the membrane system. Curves 1A and 1B obtained for ΔC2 = 0, curves 2A and 2B for ΔC2 = 100 mol m–3, curves 3A and 3B for 
ΔC2 = 200 mol m–3 and curves 4A and 4B for ΔC2 = 300 mol m–3. (b) The dependence ζv2

A = f(ΔC1, ΔC2 = const.), (curves 1A–4A) 
and ζv2

B = f(ΔC1, ΔC2 = const.), (curves 1B–4B), for H2SO4 solutions in NH4OH aqueous solutions and configurations A and B of the 
membrane system. Curves 1A and 1B were obtained for ΔC1 = 0, curves 2A and 2B for ΔC1 = 250 mol m–3, curves 3A and 3B – for 
ΔC1 = 500 mol m–3 and curves 4A and 4B – for ΔC1 = 750 mol m–3. (c) The dependence γv1 = f(ΔC1, ΔC2 = const.) for NH4OH solutions 
in an aqueous H2SO4 solution and configurations A and B of the membrane system. Curve 1 obtained for ΔC2 = 0, curve 2 – for 
ΔC2 = 100 mol m–3, curve 3 – for ΔC2 = 200 mol m–3 and curve 4 – for ΔC2 = 300 mol m–3. (d) The dependence γv2 = f(ΔC2, ΔC1 = const.) 
for H2SO4 solutions in NH4OH aqueous solution and A and B configurations of the membrane system. Curve 1 was obtained for 
ΔC1 = 0, curve 2 – for ΔC1 = 250 mol m–3, curve 3 – for ΔC1 = 500 mol m–3, and curve 4 – for ΔC1 = 750 mol m–3.
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Finally, for curves 4A and 4B the values of the coefficients 
ζv2

A for ΔC2 = 123.6 mol m–3 and ζv2
B for ΔC1 = –123.6 mol m–3 

are the same and equal to ζv2
A = ζv2

B = 0.16.
As shown in Figs. 4a and 4b, when ζvk

A = ζvk
B = (ζvk)lim.  

(k = 1, 2), volume osmotic transport is independent of the 
configuration of the membrane system (Jvk

A = Jvk
B). This 

means that for ζvk
A < (ζvk)lim. the CBLs system is in non-con-

vection conditions and therefore is hydrodynamically stable, 
whereas for ζvk

A > (ζvk)lim., the CBLs system is in convective 
conditions and therefore is hydrodynamically unstable.

A common feature of the relationship between the 
concentrations of Jvk

r in aqueous solutions of H2SO4 and/
or ammonia is the change in the nature of transport from 
diffusion-osmotic to osmotic-diffusion–convective or vice 
versa. Therefore, under the conditions of the Earth’s gravita-
tional field and concentration field, gravitational convection 
appears or disappears depending on the density of the solu-
tions separated by the membrane, the measure of the effect 
of gravitational convection is the positive or negative coef-
ficient γvk. A positive value of this coefficient indicates that 
the convective movements that destroy the CBL are vertically 
downward, and negative that they are vertically upward. 
The transition from non-convective to convective or vice 
versa has the characteristics of a pseudo-phase transition.

4.4. Convection effects

Convection effects in the membrane system in rela-
tion to volume osmotic flows result from the compar-
ison of the characteristics Jv1

A = f(ΔC1, ΔC2 = const.), 
Jv1

B = f(ΔC1, ΔC2 = const.) and Jv1
A = f(ΔC1, ΔC2 = const.), as 

well as Jv2
A = f(ΔC2, ΔC1 = const.), Jv2

B = f(ΔC2, ΔC1 = const.) and 
Jv2 = f(ΔC2, ΔC1 = const.). The measure of convective effects is 
the coefficient denoted by γk, defined by Eq. (5). Using Eqs. (3) 
and (4), Eq. (5), for the condition ΔP = 0, can be written as

� � � � �vk P
vk
A

vk
B

vk
p
A

vk
A

p
B
vk
BJ J

J
� � �

�
� �

�� 0
 (9)

In Figs. 4c and 4d the results of the calculations of the 
γv1 and γv2 coefficients obtained based on Eq. (9) were shown 
using curves 1–4. The results shown in Fig. 4c were calcu-
lated considering the characteristics shown in Figs. 3a and 
3c, whereas the results shown in Fig. 4d considering the char-
acteristics shown in Figs. 3b and 3d in Eq. (9). As shown in 
Fig. 4c, there is a point on each curve for which γv1 = 0. For 
curve 1 this point occurs for ΔC1 = 11.4 mol m–3, for curve 2 – 
for ΔC1 = 559.1 mol m–3, for curve 3 – for ΔC1 = 1,018.7 mol m–3 
and for curve 4 – for ΔC1 = 1,502.4 mol m–3. Additionally, as 
shown in Fig. 3d, there is a point on each curve for which 
γv2 = 0. For curve 1 this point occurs for ΔC2 = 1.15 mol m–3, 
for curve 2 – for ΔC2 = 51.6 mol m–3, for curve 3 – for 
ΔC2 = 90.1 mol m–3 and for curve 4 – for ΔC2 = 128.1 mol m–3. 
It can be assumed that at this point the thickness of the 
boundary concentration layers reaches the critical value 
δ1

crit. or δ2
crit.. If γvk > 0, then the convective fluxes are directed 

anti-parallel to g, and if γvk < 0 parallel to g. This means 
that for γvk < 0 or γvk > 0 (k = 1 or 2), the CBLs complex 
becomes unstable which is manifested by convective fluxes.

4.5. Amplification of volume flux

The amplification properties of the membrane system 
in relation to volume fluxes result from the comparison 
of the respective characteristics Jv1

A = f(ΔC1, ΔC2 = const.), 
Jv1

B = f(ΔC1, ΔC2 = const.), Jv2
A = f(ΔC2, ΔC1 = const.) and 

Jv2
B = f(ΔC2, ΔC1 = const.) for ternary and binary solutions. The 

measure of these properties is the amplification coefficient 
(avk

r), as defined by the expression [19]:

a
J

Jvk
r vk

r

vk
r

�
� �
� �
�

�
ter.

bin.

 (10)

where (ΔJvk
r)ter., (ΔJvk

r)bin. – change of the volume flux in ter-
nary and binary solutions, respectively, caused by the same 
change in concentration ΔCk. The superscript r = A, B denotes 
the configuration of the membrane system, while the sub-
script k = 1, 2 refers to the solution component.

Using Eqs. (3) and (4), Eq. (10) can be written as:
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The characteristics av1
A = f(<C1>, ΔC2 = const.) and 

av1
B = f(<C1>, ΔC2 = const.) for ΔC2  = 100 mol m–3 (curves 

1A and 1B), ΔC2 = 200 mol m–3 (curves 2A and 2B) and 
ΔC2 = 300 mol m–3 (curves 3A and 3B), shown in Fig. 5a, were 
calculated based on the dependences Jv1

A = f(ΔC1, ΔC2 = const.) 
and Jv1

B = f(ΔC1, ΔC2 = const.) shown in Fig. 3c. It is assumed 
that that is <C1> a half of the sum of two consecutive val-
ues of ΔC1, while <C2> is a half of the sum of two consecu-
tive values of ΔC2. The curves 1, 2 and 3 for configuration 
A shown in Fig. 5a for configuration A have maxima for: 
<C1> = 531.25 mol m–3, av1

A = 20 and <C1> = –312.5 mol m–3, 
av1

A = 110 (curve 1), for <C1> = 968.75 mol m–3, av1
A = 24.75 

and <C1> = –187.5.75 mol m–3, av1
A = 98 (curve 2) and for 

<C1> = 1,406.25 mol m–3, av1
A = 30.5 and <C1> = –97.75 mol m–3, 

av1
A = 80 (curve 3). Therefore, for ternary solutions Jv1

A is 
much larger than Jv1

A for binary solutions. The curves 1, 
2 and 3 for configuration B shown in Fig. 10 also have 
minima for <C1> = –562.5 mol m–3, av1

B = –190 (curve 1), 
for <C1> = –1,062, 5 mol m–3, av1

B = –150 (curve 2) and for 
<C1> = –1,562.5 mol m–3, av1

B = –95 (curve 3). A positive 
amplification factor indicates that depending on the con-
figuration of the membrane system, the tested membrane 
setup has a positive or a negative feedback in the range of 
Jv1

A generation generated by ΔC1 and controlled by ΔC2.
The characteristics of av2

A = f(<C2>, ΔC1 = const.) and 
av2

B = f(<C2>, ΔC1 = const.) for ΔC1 = 250 mol m–3 (curves 
1A and 1B), ΔC1 = 500 mol m–3 (curves 2A and 2B) and 
ΔC2 = 750 mol m–3 (curves 3A and 3B), shown in Fig. 5b were 
calculated based on the dependences Jv2

A = f(ΔC1, ΔC2 = const.) 
and Jv2

B = f(ΔC1, ΔC2 = const.) presented in Fig. 3d.
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Curves 1, 2 and 3 for configuration A shown in Fig. 4b 
have maxima for <C2> = 45 mol m–3, av2

A = 250 (curve 1), for 
<C2> = 95 mol m–3, av2

A = 225 (curve 2) and for <C2> = 145 mol m–3, 
av2

A = 200 (curve 3). Moreover, these curves have a common 
maximum for the maximum <C2> = 15 mol m–3, av2

A = 70. 
Moreover, the curves 1, 2 and 3 for configuration B shown 
in Fig. 4b have maxima for <C2> = –55 mol m–3, av2

A = –4.5 
(curve 1), for <C2> = –75 mol m–3, av2

A = –7 (curve 2) and for 
<C2> = –95 mol m–3, av2

A = –8 (curve 3). A positive amplifica-
tion factor indicates that depending on the configuration 
of the membrane system the tested membrane system has 
a positive or negative feedback in terms of generating the 
Jv2

B volume flux by ΔC2 and controlled by ΔC1. Qualitatively 
similar results were obtained for ammonia solutions in 
an aqueous HCl solution and HCl solutions in an aqueous 
ammonia solution [21].

4.6. Rate of S-entropy production in concentration polarization 
conditions for ternary solutions

The source of entropy was calculated based on Eq. (6) 
for the homogeneity conditions of the solutions �S Jvk

� �  and 
based on Eq. (8) for the concentration polarization con-
ditions, assuming the condition ΔP = 0. The dependencies 
� � �S Jv

f C C� � � �� �
1

1 2, .const  were illustrated in Fig. 6a and 
dependencies � � �S Jv

f C C� � � �� �
2

2 1, .const  in Fig. 6b. As 
shown in Fig. 6A, for all values of ΔC2 the curves 1A–4A 
and the curves 1B–4B are centrally symmetrical with respect 
to the vertical axis passing through the point ΔC1 = 0. 
Analogously, for all values of ΔC1 the curves 1B–4B and 
the curves 1A–4A shown in Fig. 6b are centrally symmet-
rical with respect to the vertical axis passing through the  
point ΔC2 = 0.

The source of entropy for the concentration polariza-
tion conditions was calculated based on Eq. (8), assuming 
ΔP = 0. The dependencies � � �S

A

Jv
A

f C C� � � �� �
1

1 2, .const  

and � � �S
B

Jv
B

f C C� � � �� �
1

1 2, .const  were presented in 

Fig. 6c and dependencies � � �S
A

Jv
A

f C C� � � �� �
2

2 1, .const  and 

� � �S
B

Jv
B

f C C� � � �� �
2

2 1, .const  were presented in Fig. 6d.

For all values of ΔC2, the curves 1A–4A and the curves 
1B–4B shown in Fig. 6d are centrally asymmetric with 
respect to the vertical axis passing through the point 
ΔC1 = 0. Analogously, for all values of ΔC1 the graphs 1B–4B 
and the curves 1A–4A shown in Fig. 6e are centrally asym-
metric with respect to the vertical axis passing through the 
point ΔC2 = 0.

Using Eqs. (3) and (4), the Eqs. (6) and (8) for osmotic 
transport can be written as:
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Subtracting the sides of Eqs. (14) and (13) can be 
written as:
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where: ΔΦSk
r is a measure of the concentration polarization 

effect of the entropy source.
The dependencies ΔΦS1

r = f(ΔC1, ΔC2 = const.) shown 
in Fig. 6e were obtained by subtracting the results of 

 
(a)                                                                                (b) 

Fig. 5. Amplification of volume flux. (a) Dependences av1
A = f(<C1>) and av1

B = f(<C1>) for solutions of NH4OH in aque-
ous solution H2SO4 and configuration A and B of the membrane system. (b) Dependence av2

A = f(<C2>) and av2
B = f(<C2>) for 

solutions of H2SO4 in aqueous solution NH4OH and configuration A and B of the membrane system.
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(a)                                                                     (b) 

 (c)                                                                                    (d)

 
(e)                                                                      (f) 

Fig. 6. S-entropy production rate under concentration polarization conditions for ternary solutions. (a) Experimental depen-
dence � � �S Jv

f C C� � � �� �
1

1 2, .const  for solutions of NH3·H2O in aqueous solution H2SO4 for the conditions of homogeneity of 
solutions separated by the membrane. (b) Experimental dependence � � �S Jv

f C C� � � �� �
2

2 1, .const  for solutions of H2SO4 in aque-
ous solution NH3·H2O for the conditions of homogeneity of solutions separated by the membrane. (c) Experimental dependence 
� � �S
r

Jv
r

f C C� � � �� �
1

1 2, .const , (r = A, B) for solutions of NH3·H2O in aqueous solution H2SO4 and configuration A and B of the 
membrane system in concentration polarization conditions. (d) Experimental dependence � � �S

r

Jv
r

f C C� � � �� �
2

2 1, .const  (r = A, B) 
for solutions of H2SO4 in aqueous solution of NH3·H2O and configuration A and B of the membrane system in concentration 
polarization conditions. (e) Experimental dependence �� � �S

r f C C1 1 2� �� �, .const  (r = A, B) for solutions of NH3·H2O in aqueous 
solution H2SO4 and configuration A and B of the membrane system. (f) Experimental dependence �� � �S

r f C C2 2 1� �� �, .const  
(r = A, B) for solutions of H2SO4 in aqueous NH3·H2O solution and configuration A and B of the membrane system.
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�� � �S
r f C C1 1 2� �� �, .const  shown in Fig. 6c from the corre-

sponding results of � � �S Jv
f C C� � � �� �

1
1 2, .const  presented 

in Fig. 6a. The dependencies ΔΦS2
r = f(ΔC2, ΔC1 = const.) 

shown in Fig. 6f were obtained by subtracting the results 
of � � �S

r

Jv
r

f C C� � � �� �
2

2 1, .const  presented in Fig. 6d from 
the corresponding results of � � �S Jv

f C C� � � �� �
2

2 1, .const  
presented in Fig. 6b. For all values of ΔC2, the curves 1A–4A 
and 1B–4B are centrally asymmetric with respect to the 
vertical axis passing through the point ΔC1 = 0 (Fig. 6e). 
Similarly, for all values of ΔC1 the curves 1B–4B and 1A–4A 
are centrally asymmetric with respect to the vertical axis 
passing through the point ΔC2 = 0 (Fig. 6f).

For the Nephrophan® membrane, ζp
r = 1, whereas ζvk

r 
may depend on the following parameters: permeability 
coefficient of membrane (ωk), mass density of solution (ρ) 
and kinematic viscosity (ν), diffusion coefficient (Dk) and 
concentration Rayleigh number (RC). The coefficient ζvk

r is 
the quotient of Jvk

r/Jvk and can therefore be calculated from 
the results shown in Fig. 3a–d. The characteristic ζv1

r = 
f(ΔC1, ΔC2 = 200 mol m–3) presented in Fig. 4a (curves 3A 
and 3B) was used to calculate RCl

r. As shown in Figs. 3A 
and 3C, (ζv1

A)min. = 0.005, (ζv1
A)max. = 0.307, (ζv1

B)min. = 0.014, 
(ζv1

A)max. = 0.415 and ζv1
A = ζv1

B = 0.117 (ΔC1 = 1,020 mol/m3) 
and γv1 = 0.

Using the results presented in [33] for solutions contain-
ing two solutes, it is possible to write:

R
C

C
C

CCl
r

l

r

r
� �

�

�
�

�

�
�

�� �
�

��
�

�
��
�

�
�

�1
1 1

2
2 2

1

4

1

1
3� �  (16)

where: �
� �

�
� �

�
� �

l

l l

g D

RT v D D
�

� �
� � � �

� �1

3

3

1

4 1
1 1

1
2

2 2

216
, , .

As shown in the above equation, the sign RCl
r 

depends on the sign of � �� / Ck, (k = 1 or 2) because 
αl, β1, β2 and ζ1

r are always greater than zero. If 

� � � � � �� �/ , /C C1 20 0 and 
��
�

�
��
�

�
C

C
C

C
1

1 1
2

2 2� ��
�

�
��

�

�
�� < 0, 

it RCl
r < 0. RCl

r = 0, then, if ��
�

�
��
�

�
C

C
C

C
1

1 1
2

2 2� ��
�

�
��

�

�
�� = 0. 

If in turn 
��
�

�
��
�

�
C

C
C

C
1

1 1
2

2 2� ��
�

�
��

�

�
�� > 0, then RCl

r > 0. 

Considering the following data in Eq. (16): g = 9.81 m s–2, 
�� �/ C1 = –0.013 kg mol–1, �� �/ C2 = 0.054 kg mol–1, 
ω1 = 2.7 × 10–9 mol N–1 s–1, ω2 = 3.0 × 10–9 mol N–1 s–1, 
D1 = 1.54 × 10–9 m2 s–1, D2 = 1.15 × 10–9 m2 s–1, ρl = 997 kg m–3, 
νl = 1.01 × 10–6 m2 s–1, R = 8.31 J mol–1 K–1, T = 295 K, ε1 = ε2 = 2, 
the characteristics of RCl

r = f(ΔC1, ΔC2 = 200 mol m–3) were 
calculated and shown in Table 1. The critical value of the con-
centration Rayleigh number is RCl

A = RCl
B = (RC1)crit. = 1089.86 

for ΔC1 = 1,020 mol m–3, ΔC2 = 200 mol m–3 (Table 1). The 
obtained value is comparable with the value presented in 
other studies [34,35]. Similar to previous membrane sys-
tems, the concentration Rayleigh number acts as a switch 
between the two states of the concentration field: convec-
tive (with a higher entropy source value) and non-con-
vective (with a lower entropy source value). The opera-
tion of this switch indicates the regulatory role of Earth’s 
gravity in relation to osmotic membrane transport.

5. Conclusions

• The concentration and orientation of water solutions 
of H2SO4 and/or ammonia in relation to a horizon-
tally oriented membrane influence the value of volume 
fluxes (Jvk

r) under the conditions of Earth’s gravity.
• Jvk

r are linear for concentration polarization conditions 
and aqueous solutions of H2SO4 or ammonia, whereas 
Jvk

r are a non-linear function of the differences in concen-
trations of the solutions for aqueous solutions of H2SO4 
and ammonia.

• The values of Jvk
r are dependent, whereas the values of Jvk 

are independent, of the orientation of the solutions with 
respect to the horizontally oriented membrane. The fol-
lowing dependencies Jvk > Jvk

r are satisfied for these fluxes.
• The concentration polarization coefficient ζi

r is related 
to the modified concentration Rayleigh number, that is, 
the parameter controlling the transition from the con-
vective (diffusive) state to the convective state.

• The understanding of the properties and mechanism 
of membrane transport can be applied to the devel-
opment and improvement of membrane technologies 
and techniques useful in medicine and in water and 
wastewater treatment processes.

Table 1
Coefficients ζv1

r and concentration Rayleigh numbers RCl
r for certain values of ΔC1 and ΔC2 = const.

ΔC1 (mol m–3) ΔC2 (mol m–3) ζv1
A ζv1

B γv1 RCl
A RCl

B

812.5 200 0.015 0.235 –0.171 1.57 × 106 148.74
875 200 0.023 0.215 –0.192 3.6 × 105 183.53
950 200 0.05 0.177 –0.127 2.48 × 104 314.73
1,000 200 0.08 0.137 –0.057 4,390.47 678.88
1,020 200 0.117 0.117 0 1,089.86 1,089.86
1,062.5 200 0.17 0.09 0.12 222.663 2,168.32
1,125 200 0.21 0.07 0.14 61.92 3,211.02
1,250 200 0.237 0.046 0.191 –14.51 –1,643.74
200 0.268 0.027 0.241 –52.56 –1.6 × 105 –3.76 × 104
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Symbols

A — Area surface of membrane, m2

ak
r — Coefficients of amplification of the volume 

osmotic flux, k = 1, 2
Chk, Clk — Concentration of solutions (Chk > Clk, 

k = 1, 2), mol m–3

Ck  — Average concentration in the membrane 
(M) or complex lh

r/M/ll
r, mol m–3

dS/dt — Rate of changes in the entropy of the sys-
tem, J K–1 s–1

dSe/dt — Rate of entropy exchange between the sys-
tem and the environment, J K–1 s–1

dSi/dt — Rate of entropy formation inside the sys-
tem, J K–1 s–1

Dk — Diffusion coefficient, m2 s–1

F — Free energy, J
g — Gravity acceleration, m s–2

Jk — Solute fluxes for the conditions of homoge-
neity of solutions, mol m2 s–1

Jvk — Volume fluxes for the conditions of homo-
geneity of solutions, m s–1

Jvk
r — Volume fluxes or the conditions of concen-

tration polarization of solutions, m s–1

Jk
r — Solute flux for the conditions of concentra-

tion polarization of solutions, mol m–2 s–1

lh
r/M/ll

r — Complex of concentration boundary layers 
(lh

r, ll
r) and membrane, M

Lp — Hydraulic permeability coefficient, 
m3 N–1 s–1

P — Hydrostatic pressure, Pa
r — Configuration of the membrane system, 

r = A, B
R — Gas constant, R = 8.31 J mol–1 K–1

RC — Concentration Rayleigh number
S — S-entropy, J K–1

TS — Dispersed energy, J
T — Absolute temperature, K
U — Internal energy, J
V — Volume, m3

Xk — Thermodynamic forces
δh

r, δl
r — Thicknesses of the concentration boundary 

layers, m
πk — Osmotic pressures of k-th solute (k = 1, 2), 

Pa
x — Thickness of membrane, m
ϕs — Source of entropy, W K–1 m–3

ΦSk — Source of S-entropy for the membrane, 
W K–1 m–2

ΦS
r — S-entropy source for the concentration 

polarization conditions, W K–1 m–2

ΦSk Jvk
( )  — S-entropy produced by Jvk, W K–1 m–2

ΦSk Jk
( )  — S-entropy produced by Jk, W K–1 m–2

ΦS
r — S-entropy source for the concentration 

polarization conditions, W K–1 m–2

ΦS
r

Jvk
r( )  — S-entropy produced by Jvk

r, W K–1 m–2

ΦS
r

Jk
r( )  — S-entropy produced by Jk

r, W K–1 m–2

γk — Coefficient of convection effects
ζp

r, ζvk
r — Hydraulic and osmotic concentration 

polarization coefficients
σk — Reflection coefficient

ωk — Permeability coefficient, mol N–1 s–1

εk — Van’t Hoff coefficient
ρ — Mass density of solution, kg m–3

ν — Kinematic viscosity, m2 s–1
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